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Abstract In this paper, we propose general default logic, which extends Reiter’s de-
fault logic by adding rule connectives like disjunction in logic programming, and Fer-
raris’s general logic program by allowing arbitrary propositional formulas to be the
base in forming logic programs. We show the usefulness of this logic by applying it to
formalize rule constraints, generalized closed world assumptions, and conditional de-
faults. We study the relationship between general default logic and other nonmonotonic
formalisms such as Lin and Shoham’s logic of GK, Moore’s auto-epistemic logic etc.,
and investigate its normal form under a notion of strong equivalence. We also address
the computational properties related to our logic.

Keywords Nonmonotonic Logic - Answer Set Program - Default Logic - Auto-
epistemic Logic

1 Introduction
Answer set semantics for logic programs has been emerged as a promising approach

for knowledge representation and deductive database in recent decades. Answer set
programming started from Gelfond and Lifschitz’s stable model semantics for logic
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programs with negation as failure [14], which is known as normal logic programs. In a
normal logic program, the head of a rule must be an atom. If one allows disjunctions
of atoms in the head of rule, then one obtains what has been called disjunctive logic
programs [15]. However, in disjunctive logic programs, the disjunctions are allowed only
in the head of a rule. It cannot occur in the body of a rule nor can it be nested. This
limitation in the use of disjunction has been addressed by Lifschitz et al. [29], Pearce
[41] and recently by Ferraris [12].

Ferraris defined logic programs that look just like propositional formulas but are
interpreted according to a generalized stable model semantics. In other words, in these
formulas called general logic programs, negations are like negation-as-failure; impli-
cations are like rules; and disjunctions are like those in disjunctive logic programs.
They are essentially different from those corresponding classical connectives. We call
these connectives rule connectives, including negation as failure, rule implication, rule
conjunction and rule disjunction.

The differences between negation as failure and classical negation are well discussed
in the literature [6,15]. The former means ”unknown” while the latter means ”false”.
For instance, the program {—p, ¢ < —r} has a unique answer set {—p}. In contrast, the
program {notp, q < notr} also has a unique answer set, which is {¢}. It has also been
shown that both classical negation and negation as failure are needed simultaneously
in some cases in knowledge representation [15].

However, the relationships between other rule connectives and corresponding classi-
cal connectives remain unclear. Here, we focus on disjunctions. One difference between
rule disjunction and classical disjunction is that the former requires minimality while
the latter does not. For instance, the disjunctive logic program p | ¢ < has two answer
sets {p} and {q}, but the propositional formula p V ¢ has three models! {p}, {¢}, and
{p, q}. Another difference is that rule disjunction is deterministic choice while classi-
cal disjunction is nondeterministic choice. For instance, the disjunctive logic program
p | —p has two answer sets {p} and {—p}, which means that the truth (falsity) of p
is confirmed. On the other hand, the propositional formula p V —p is equivalent to T,
which represents no information about p. The following example may explain more on
the differences between these two kinds of disjunctions:

Ezxample 1 Suppose that we are reasoning about a shopping agent A. The agent wants

to buy iodine. There are two cases:

1. Another agent B told to A that supermarket or pharmacy have iodine to sell. But B was
not sure which one does.

2. Another agent C' told to A which store has iodine to sell. But to our knowledge, we are
not sure this store is supermarket or pharmacy.

To formalize our information about A, the disjunction in the first sentence should be
formalized as classical disjunction while the disjunction in the second sentence should
be formalized as rule disjunction. One difference is that, for the agent A, the former is
a nondeterministic choice while the latter is a deterministic choice. We can formalize
our information as follows:

1. Haslodine(supermarket) V Haslodine(pharmacy).
2. HasIodine(supermarket) | HasIodine(pharmacy).

Of course, if A knows which store has iodine, she will go to buy it. However, if she
is not sure which store has iodine, she would hesitate a moment. Formally,

1 We identify a model with the set of atoms that are true in the model.



3. Boughtlodine « Haslodine(supermarket), not ~Boughtlodine.
4. Boughtlodine «— HasIodine(pharmacy), not ~"Boughtlodine.
5. Hesitate <+ not Haslodine(supermarket), not Haslodine(pharmacy).

Example 1 also indicates that both rule disjunction and classical disjunction are needed
when representing incomplete information. They represent different senses of disjunc-
tions.

Hence, a natural question is whether answer set programming can be extended with
also connectives from classical logic. The family of default logics may play such a role.
Default logics and answer set programming are closely related. Gelfond and Lifschitz
[15] showed that answer set semantics for normal logic programs can be embedded in
to Reiter’s default logic [42] with a simple translation. This result means that Reiter’s
default logic allows both connectives from logic programs and classical connectives.
However, it does not allow rule disjunctions. Gelfond et al. [16] extended Reiter’s
default logic into disjunctive default logic by allowing the head of default rules to
be rule disjunctions of propositional formulas. They also showed that the answer set
semantics of disjunctive logic programs can be embedded in disjunctive default logic.
Turner [46] introduced nested default logic, which is a generalization of disjunctive
default logic as well as nested logic programming. Thus, a second question arises:
whether is there such a default logic corresponding to Ferraris’s answer semantics for
general logic programs?

This paper answers these two questions positively. We introduce a logic, which is
both an extension of Ferraris’s general logic programming and Reiter’s default logic. In
this logic, rules are defined as any compositions of classical propositional formulas and
rule connectives. We define the model semantics as well as the extension semantics for
rules. Similar to default logic, an extension (model) of a rule is a propositional theory.
We also show that this logic is a generalization of all the default logics and answer set
semantics for logic programs mentioned earlier. Since this logic is a generalized version
of default logics corresponding to Ferraris’s stable model semantics for general logic
programs, we call this logic general default logic.

The combination of classical logic and rules is not a new idea in the KR community.
CLASSIC [4] is an early description logic allowing simple monotonic rules. Donini
et al. [8] combined Datalog with description logic ALC. However, their combination
are dealing with neither negation as failure nor rule disjunction. This limitation was
addressed by Rosati [43]. Recently, in order to bridge the gap between the ontology
layer and rule layer in the Semantic Web layer cake [1], a large number of combinations
of description logics and rules [21,23,11] have been proposed. Although these works
are based on tractable fragments of first order logic rather than propositional logic, we
believe that a comprehensive study of the combination in propositional case would be
very useful to this goal.

2 Defining the Logic

In this section, we define our logic that allows both classical connectives and connectives
from answer set programming. We then study some semantic properties of R.



2.1 Syntax

Let Atom be a set of atoms, which are also called propositional variables. By £ we
mean the classical propositional language defined recursively by Atom and classical
connectives |, =, — as follows:

Fu=1|p|-F| F—F

where p € Atom. T, FAG, FV G and F < G are considered as shorthand of 1 — 1,
-(F — =G), -F — G and (F — G) A (G — F) respectively, where F' and G are
formulas in £. Formulas in £ are called facts®. The satisfaction relation |= between a
set of facts and a fact is defined as usual. A theory T is a set of facts which is closed
under classical entailment. Let I" be a set of facts, Th(I") denotes the logic closure of
I'" under classical entailment. We write I" to denote the theory Th({I'}) if it is clear
from the context. For instance, we write () to denote the theory of all tautologies; we
write {p} to denote the theory of all logic consequences of p. We say that a theory T
is inconsistent if there is a fact F' such that T = F and T | —F, otherwise, we say
that T is consistent.

We introduce a set of new connectives, called rule connectives. They are — for
negation as failure or rule negation, = for rule implication, & for rule conjunction, |
for rule disjunction3 and < for rule equivalence respectively. We define a propositional
language R recursively by facts and rule connectives as follows:

R:=F|R=R| R&R| R|R,

where F is a fact. —R and R < S are considered as shorthand of R = 1 and (R =
S) & (S = R) respectively, where R and S are formulas in R. Formulas in R are called
rules. Particularly, facts are also rules. A rule base A is a set of rules.

The order of priority for these connectives are

> {Avi>{= el > {2 > {& > = o)

For example, —pV —p = ¢ is a well defined rule, which denotes the rule (—(pV (-p))) =
q. Both =pV p and —p| p are well defined rules. The former is also a fact but the latter
is not. However, —(p | p) is not a well defined rule.

We define the subrule relationship between two rules recursively as follows:

R is a subrule of R;

R and S are subrules of R = S
R and S are subrules of R& S;
R and S are subrules of R | S,

Ll o

where R and S are rules. Thus, clearly, R is a subrule of —R. For example, p is a
subrule of —p | p but not a subrule of —p V p.

2 In logic programming, facts and rules often denote propositional variables and declarative
sentences. Here, as an generalization of logic programming, we lift these two notions to denote
propositional formulas and well defined formula in the rule language respectively.

3 These connectives are sometimes also denoted by not, <, , and ; respectively in answer
set programming.



2.2 Basic semantics

We define the satisfaction relation =g between theories and rules inductively:

— If Ris a fact, then T =r Riff T = R.
*T':RR&SiHT':RRandT':RS;
- TERR|SITERRor TR S;

—T':RR:>Siﬂ‘Tl#RROI‘T':RS.

Thus, T Er —Rif T Er R — L iff T fgr Ror T Egr L. If T is consistent,
then T Er —R iff T £p R. If T is inconsistent, then for every rule R, T =g R.
TErRR&SHITER(R=5&(S=R)ifTEFrR=Sand T Er S = R.

We say that T satisfies R, also T is a model of R iff T =p R. We say that T
satisfies a rule base A iff T' satisfies every rule in A. We say that two rule bases are
weakly equivalent if they have the same set of models.

For example, let T' be . T' is a model of —p V p, but T is not a model of —p | p.
This example also shows a difference between the two connectives V and |. As another
example, T is a model of —p but not a model of —p. This example also shows a difference
between the two connectives - and —.

2.3 Extension

Let T be a theory and R a rule in R. The reduction of R relative to T', denoted by RT,
is the formula obtained from R by replacing every maximal subrules of R which is not
satisfied by T' with L. It can also be defined recursively as follows:

RifTERrR

1 otherwise ’

RIToORY i Tl=Rr Ri®R,y
L otherwise

— If R is a fact, then RT = {

IfRisRlG)Rg,thenRT—{ , where © is &, &,

or =-.
LifTkERS
T otherwise

Let T be a theory and A a rule base, the reduction of A relative to T', denoted by
AT7 is the set of all the reductions of rules in A on 7.

For example, let T' be {p}. The reduction of —p = ¢ relative to T"is L. = L, which
is weakly equivalent to T. The reduction of p | ¢ relative to T is p. The reduction of
pV q relative to T' is p V q. This example also shows that although two rules are weakly
equivalent (i.e. —p = ¢ and p| ¢), their reductions relative to a same theory might not
be weakly equivalent.

Thus, if R is —S and T is consistent, then BT =

Definition 1 Let T be a theory and A a rule base. We say that T is an extension of
Fiff:

1. T AT,
2. There is no theory T3 such that 71 C T and T1 =R AT,

It is clear that if A is a set of facts, then A has exactly one extension, which is the
deductive closure of itself.

Ezample 2 Consider the rule base A; = {—p = ¢}.



— Let T3 be 0. The reduction of A; relative to T is {L}. T} is not a model of A{l.
Hence, T is not an extension of Aj.

— Let T3 be {p}. The reduction of A;j relative to Tp is L = L. Ty is a model of A?.
But 0 is also a model of A{Q and () C T». Hence, Ty is not an extension of Aj.

— Let T3 be {q}. The reduction of A; relative to T3 is T = ¢, which is weakly
equivalent to q. T3 is a model of ¢ and there is no proper subset of T3 which is also
a model of ¢q. Hence, T3 is an extension of Aj.

— Let T4 be {-p A ¢}. The reduction of A; relative to Ty is T = ¢, which is also
weakly equivalent to g. Ty is a model of A?“. But {¢} is also a model of A?‘l. Hence
T, is not an extension of Aj.

— We can examine that the only extension (under classical equivalence) of A; is T5.

Similarly, p | ¢ has two extensions: {p} and {q}, while p V ¢ has a unique extension
{p V q}. This example shows that although two rules are weakly equivalent, their
extensions might not be the same (i.e., —p = q and p| q).

Ezxample 3 Consider the rule base A2 = {p,r |pV q}.

— Let T be 0. The reduction of As relative to Ty is {L, T}. T1 is not a model of
Agl. Hence, T is not an extension of As.

— Let T3 be {p}. The reduction of Ay relative to T is p, L. T5 is not a model of Agz.
Hence, T5 is not an extension of As.

— Let T3 be {p, r}. The reduction of Ay relative to T3 is p, r. Hence, T3 is an extension
of As.

— We can examine that the only extension (under classical equivalence) of Ag is T3.

Ezample 4 (Example 1 continued) Recall that the example presented in the introduc-
tion section. Reformulate those information in general default logic:

HaslIodine(supermarket) V HasIodine(pharmacy).
HasIodine(supermarket) | HasIodine(pharmacy).
Haslodine(supermarket) & — —Boughtlodine = Boughtlodine.
HaslIodine(pharmacy) & — = Boughtlodine = BoughtlIodine.
—HaslIodine(supermarket) & — Haslodine(pharmacy) = Hesitate.

Fu W=

We can conclude that 1,3 — 5 has a unique extension {HasIodine(supermarket) V
HaslIodine(pharmacy), Hesitate} while 2, 3—5 has two extensions { HasIodine(supermarket), BoughtIodine}
and {Haslodine(pharmacy), BoughtIodine}. Suppose that we have a query to ask

whether the shopping agent got what she wants, in the first case the answer should be

”unknown” while in the second case the answer should be ”yes”.

2.4 Properties

The following proposition shows that some of the relationships among rule connectives
from the basic semantics level.

Proposition 1 Let T be a theory and R, S two rules in R.

1. TErR——Riff T =R R.
2. TER—(R&S) iff TER —R| —S.
3. TEr—(RI|S) iff TER —R& —S.



4. TERR=Siff TEr —R|S.

Proof These assertions follow directly from the definitions. As an example, we prove
only assertion 2 here. According to the definition, T' =g —(R & S) iff T is not a model
of R& S, which holds iff a) T" is not a model of R or b) T is not a model of S. On the
other hand, T' =g —R| — S iff a) T is a model of —R or b) T is a model of —S, which
holds iff a) T' is not a model of R or b) T is not a model of S. Hence, assertion 2 holds.

We are also interested in the relationships between classical connectives and corre-
sponding rule connectives.

Proposition 2 Let F' and G be two facts and T a theory.

1. T is a model of F NG iff T is a model of F & G.
2. If T is a model of F' | G, then T is a model of FV G.
3. If T is a model of FF — G, then T is a model of F = G.

Proof Assertion 1 follows from the fact that, in classical propositional logic, T = FAG
iff T = F and T |= G. For assertion 2, if T is a model of F'|G,then T Er ForT =i G.
In both cases, T" is a model of F'V G. For assertion 3, suppose that T" is not a model
of FF = @G, then T is a model of F' and not a model of GG, which is contradict to
TEF—G.

However, the converses of assertion 2 and assertion 3 in Proposition 2 do not hold
in general. For example, () is a model of p V =p but not a model of p | —p; it is also
a model of p = ¢ but not a model of p — ¢. The reason is that, in general case,
T represents ”incomplete” information about the agent’s beliefs. If we restrict T' to
be theories which represent ”complete” information, then the rule connectives and
corresponding classical connectives coincide with each other. We say that a theory T is
a mazimal consistent theory if for any fact F T = F or T |= —F. Actually a maximal
consistent theory T' can be identified with a truth assignment over Atom; it represents
a ”complete” information to some extent.

Proposition 3 Let F' and G be two facts and T a mazimal consistent theory.

1. T is a model of F NG iff T is a model of FF & G.
2. T is a model of F |G iff T is a model of F'V G.
3. T is a model of F — G iff T is a model of F = G.

Proof We only need to prove that the converses of assertion 2 and assertion 3 in
Proposition 2 hold when 7' is a maximal consistent theory. Suppose that T' is a model
of FV G and T is not a model of F | G. Then T is neither a model of F' nor a model of
G. Since T is a maximal consistent theory, then T is a model of =F and T is a model
of =G. Therefore T' |= ~(F'V G), a contradiction. Suppose that T" is a model of F = G,
then T is not a model of F' or a model of G. In the first case, T' is a model of = F since
T is a maximal consistent theory. Hence, T' is a model of =F V G, which is equivalent
to F' — G. In the second case, T is a model of G, T is also a model of F' — G.

Corollary 1 Let R be a rule and T a maximal consistent theory. T is a model of R iff
T is a model of Ror,, where Roy, is the fact obtained from R by replacing every rule
connectives into corresponding classical connectives.



Proof This assertion follows directly from Proposition 3 by induction on the structure
of R.

Intuitively, the extensions of a rule base represent all possible beliefs which can be
derived from the rule base. The following theorem shows that every extension of a rule
base is also a model of it.

Theorem 1 Let T be a consistent theory and A a rule base. If T' is an extension of
A, then T is a model of A.

Proof According to the definitions, it is easy to see that T' =g AT T Er A. On
the other hand, if T is an extension of A, then T =g AT, Hence, this assertion holds.

The converse of Theorem 1 does not hold in general. For instance, {p} is a model of
{— — p}, but not an extension of it.

Inconsistent rule base is a very special case. We say that a rule base is inconsistent
if L, the inconsistent theory, is the unique model of it, otherwise we say it consistent.
The following proposition shows some equivalent conditions for inconsistent rule bases.

Proposition 4 Let A be a rule base. The following three statements are equivalent:

1. L is the unique model of A.
2. L is an extension of A.
3. L is the unique extension of A.

Proof Since 1 satisfies every rule At s equivalent to A. 71 = 2” follows directly from
the definition. 72 = 3 : ” Suppose that there exist another extension T of A and T is
consistent. Then T is a model of A. Hence, T is a model of At Hence, 1 is not an
extension of A, a contradiction. "3 = 1:” If L is an extension of A, then L is a model
of A and there does not exist consistent theory 7" such that 7" is a model of At Thus,
L is the unique model of A.

It is well known that in default logic, each extension of a default theory should be
equivalent to the conjunction of a set of propositional formulas occurred in it. We here
prove a similar result for our logic. Given a rule R, let

Fact(R) = {F | Fis a fact, F is a subrule of R.}.

Lemma 1 Let I' be a set of facts and T1, To two theories that agree the same on I,
that is, for oll F € I' Th = F iff To |E F. For any rule R such that Fact(R) C T,

71 Fr Riff T2 ER R.
Proof This assertion can be easily proved by induction on the structure of R.

Proposition 5 Let R be a rule and T a theory. If T is a consistent extension of R,
then T is equivalent to the conjunction of some elements in Fact(R).

Proof Let T1 be the deductive closure of /\FeFact(R) TEF F. 1t is clear that 177 C T

Then for all F € Fact(R), T =r Fif T1 = F. By Lemma 1, T1 =R RT. This shows
that 77 is equivalent to T'. Otherwise, T' is not an extension of R, a contradiction.



Proposition 5 means that we can guess the extensions of a given rule R by only se-
lecting a subset from Fact(R) instead of checking arbitrary propositional theories. But
how can we ensure that this subset is indeed an extension? The following proposition
shows that it is an extension of R if and only if all the proper subsets (in the sense of
theory inclusion but not set inclusion) do not satisfy the reduction of R relative to it.

Proposition 6 Let R be a rule and T a theory which equivalent to the conjunction
of some elements in Fact(R). If T is a model but not an extension of R, then there
exists a theory 11 such that T is also equivalent to the comjunction of some elements
in Fact(R), Ty C T and T1 =g RY.

Proof If T is a model but not an extension of R, then there exists T such that 7o C T
and Ty =r RT. Let Ty be the deductive closure of /\FeFact(R) Ty=F F. By Lemma

1, Ty =g RY. For any F € Fact(R), if T |= F, then Ty = F, then T = F. Therefore
T CT.

Proposition 7 Let R be a rule and I' a subset of Fact(R). Th(I") is an extension of
R iff RTMI) & — AT has no consistent models, where \ I' denotes the conjunction
of all facts in I.

Proof ”=-:" Suppose otherwise, RTMI) & — /\ I has a consistent model T Let I'" be
{F|F eIT k= F}.Ttis clear that I" C I". By Lemma 1, Th(I"") eg RT"D & — AT
That is, Th(I") Er RT") and Th(I") er A\ I Thus, Th(I"') C Th(I'). This shows
that Th(I") is not an extension of R, a contradiction.

7 <«=:” Suppose that RTMI) g — /\ I has no consistent models. Then for all I'cr,
if Th(I'") € Th(I") then Th(I'') R RTMI) By Proposition 6, Th(I') is an extension
of R.

Proposition 7 goes a little far from Proposition 6. Given a rule R and a guess
I' C Fact(R) of possible extensions, what we need to do is to check the satisfiability
between Th(I') and a rule obtained from R and I'. As we will show later, the above
three propositions are crucial for analyzing the computational complexities related to
the extension semantics of general default logic.

The following propositions are concerned with the maintenance of extensions while
composing or decomposing under rule connectives. That is, for example, suppose that
we already know that a theory T is an extension of a rule R, we are interested in
whether 7' remains an extension of the rule conjunction (disjunction, implication) of R
and another rule S. Conversely, suppose that we already know that 7" is an extension of
the rule conjunction (disjunction, implication) of R and S, we are interested in whether
T is an extension of R.

Proposition 8 Let R and S be two rules and T a theory. If T is an extension of R
and T is a model of S, then T is an extension of R& S.

Proof Firstly, T' is a model of both RT and ST. Therefore T is a model of (R& S)T.
Suppose otherwise, T' is not an extension of R & S. Then there exist 71 C T such that
T is a model of (R & S)T. Hence, T} is a model of RT. This shows that T is not an
extension of R, a contradiction.

Proposition 9 Let R and S be two rules and T a theory. If T' is an extension of R|S,
then T is either an extension of R or an extension of S.
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Proof We have that T |=gp R | S. Therefore T = R or T =g S. Without loss of
generality, suppose that T =p R. Then, T is an extension of R. Suppose otherwise,
there exist 77 C T such that T} =5 RT. Then T} =g (R|S)T. This shows that T is
not an extension of R | S, a contradiction.

Proposition 10 Let R and S be two rules and T a theory. If T is an extension of
both R and S, then T is an extension of R|S.

Proof Suppose otherwise, T is not an extension of R | S. Then there exists Ty C T
such that Ty is a model of (R |S)T. Thus, T is a model of RT or T is a model of ST
Without loss of generality, suppose that T3 is a model of RT. This shows that T is not
an extension of R, a contradiction.

Proposition 11 Let R and S be two rules and T a theory. If T is an extension of
R =S and T is a model of R, then T is an extension of S.

Proof Since T is an extension of R = S, T is a model of (R = S)T. Moreover, T is
a model of R, which means that T is a model of RT. Therefore T is a model of ST.
Suppose otherwise, T' is not an extension of S. Then there exist 77 C T such that T}
is also a model of ST. Thus, T} is also a model of (R = S)T. This shows that T" is not
an extension of R = S, a contradiction.

3 Applications

In this section, we show that this logic is flexible enough to represent several important
situations in common sense reasoning, including rule constraints, general closed world
assumptions and conditional defaults.

3.1 Representing rule constraints

Similar to constraints in answer set programming, constraints in general default logic
eliminate the extensions which do not satisfy the constraints. Let R be a rule, the
negative constraint of R can be simply represented as

—R,
while the positive constraint of R can be represented as
——R.

Proposition 12 T is an extension of AU{—R} iff T is an extension of A and T g
R.

Proof =: Suppose that T is an extension of AU {—R}. Then by the definition, T' =g
(—=R)T. Thus, T = —R. Therefore T - R. On the other hand, T =5 AT. We only
need to prove that T is a minimal theory satisfying AT, Suppose otherwise, there is a
theory T} such that Ty € T and T} =r AT Notice that (AU{—R})T is ATU{(-R)T},
which is AT U{T}. Thus, Ty Er (AU{—R})T. This shows that T is not an extension
of AU {—R}, a contradiction.

<: Suppose that T is an extension of A and T [£r R. Then T is the minimal
theory satisfying AT, Thus, T is also the minimal theory satisfying (AU {—R})T since
(—=R)T is T. Therefore, T is an extension of AU {—R}.
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Proposition 13 T is an extension of AU{— — R} iff T is an extension of A and
T =R R.

Proof This assertion follows directly from Proposition 12.

3.2 Representing general closed world assumptions

In answer set programming, given an atom p, closed world assumption for p is repre-
sented as follows:
—p <— not p.

Reformulated in general default logic, it is
—p = .

However, this encoding of closed world assumption may lead to counter-intuitive
effects when representing incomplete information. Consider the following example [17].

Ezxample 5 Given the following information:

(*) If a suspect is violent and is a psychopath then the suspect is extremely dangerous. This
is not the case if the suspect is not violent or not a psychopath.

This statement can be represented (in general default logic) as three rules:

1. violent & psychopath = dangerous.
2. —wiolent = —~dangerous.
3. —psychopath = —~dangerous.

Let us also assume that the DB has complete positive information. This can be
captured by closed world assumption. In the classical approach, it can be represented
as follows:

4. —wviolent = —wiolent.
5. —psychopath = —psychopath.

Now suppose that we have a disjunctive information that a person is either violent
or a psychopath. This can be represented as:

6. violent | psychopath.

It is easy to see that the rule base 1 — 6 4 has two extensions:
Th({—wviolent, psychopath, ~dangerous});

Th({violent, ~psychopath, ~dangerous}).

Thus, we can get a result ~dangerous. Intuitively, this conclusion is too optimistic.
In our point of view, the reason is that the closed world assumption (4 and 5) are
too strong. It should be replaced by

4 There are fours kinds of formalization for this example in general default logic. It depends
on the way of representing the conjunctive connective in 1 and the way of representing the
disjunctive connective in 6. This kind of formalization is a translation from the representation
in disjunctive logic program. However, all these four kinds of formalization are fail to capture
the sense of this example if the classical approach of closed world assumption is adopted.
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7. —(violent V psychopath) = —(violent V psychopath).
We can see that 1 — 3,6,7 has two extensions

Th({violent}) and Th({psychopath}).

Here, the answer of query dangerous is unknown.

Generally, given a fact F', the general closed world assumption of F' can be repre-
sented as (in general default logic)

—F = —F.

Proposition 14 Let F be a fact and T a theory. A is a rule base such that —F =
—-F € A If T is an extension of A and T = F, then T |= —F.

Proof If T is an extension of A, then T is also a model of A. Thus T' = —F = —F.
Since T & F, T =g —F. Therefore T |=p —~F. Hence T |= —F.

3.3 Representing conditional defaults

A conditional rule has the following form:
R= S5,

where R and S are rules. R is said to be the condition and S is said to be the body.
Of course, this yields a representation of conditional defaults in Reiter’s default logic.

Let us consider the following example about New Zealand birds from [7]. We shall
show how we can represent it using conditional defaults in a natural way.

Ezxample 6 Suppose that we have the following information:

(*) Birds normally fly. However, in New Zealand, birds normally do not fly.
One can represent this information in Reiter’s default logic as follows:
dy : bird: fly / fly;

dg : bird Anewzealand : = fly / = fly.

Given the fact

1. bird,

the default theory (1,{d;1,d2}) has exactly one extension Th({bird, fly}). However,
given the fact

2. newzealand, bird,

the default theory (2,{d1,d2}) has two extensions Th({bird, newzealand, fly}) and
Th({bird,newzealand, = fly}).

In [7], Delgrande and Shaub formalized this example by using dynamic priority on
defaults. We now show that the information (*) can be represented by using conditional
defaults in a natural way as follows:

3. newzealand = (bird & — fly = —fly).
4. —newzealand = (bird & — —fly = fly).

We can see that the rule base 1, 3,4 still has exactly one extension Th({bird, fly}),
and the rule base 2, 3,4 has a unique extension Th({newzealand, bird, -~ fly}).
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4 Relationship to Other Nonmonotonic Formalisms

In this section, we investigate the relationships between general default logic and other
major nonmonotonic formalisms. We show that Reiter’s default logic [42], Gelfond et
al’s disjunctive default [16] and Ferraris’s general logic programs [12] are special cases
of the extension semantics of general default logic. We then embed general default logic
to Lin and Shoham’s the logic of GK [32]. We finally show that Moore’s auto-epistemic
logic [36] can be embedded into general default logic.

4.1 Default logic

In this paper, we only consider Reiter’s default logic in propositional case. A default
rule has the form

Piql, ..., qn/T,

where p, ¢;, (1 < i < n) and r are propositional formulas. p is called the prerequisite,
q;, (1 <4 < n) are called the justifications and r is called the consequent. A default
theory is a pair A = (W, D), where W is a set of propositional formulas and D is a
set of default rules. A theory T is called an extension of a default theory A = (W, D)
if T'= I'(T), where for any theory S, I'(S) is the minimal set (in the sense of subset
relationship) satisfying the following three conditions:

1. W C I(S).

2. I'(S) is a theory.

3. For any default rule p : q1,...,gn/r € D, if p € I'(S) and —¢; € S, (1 < i < n),
then r € I'(S).

We now show that Reiter’s default logic in propositional case can be embedded
into general default logic. Let R be a default rule with the form p : q1,...,qn/r. By
R* we denote the following rule in R

p& —q1 & ... & ——qn =1
Let A = (W, D) be a default theory, by A* we denote the rule base
WU{R" | R e D}.

Theorem 2 Let T be a theory and A = (W, D) a default theory. T is an extension of
A Gff T is an extension of A*.

Proof =: Suppose that T is an extension of A. Then T g WT since W is a set of
facts. Moreover, for all rule R € D with the form p : q1,...,qn/r. There are three
cases:

— p&T. In this case, R*T is weakly equivalent to T. Thus, T = R*T.

— There is a ¢;,(1 < ¢ < n) such that —g; € T. In this case, R*T is also weakly
equivalent to T. Thus, T =g R*T.

— p € T and there is no ¢;, (1 < i < n) such that -¢; € T. In this case, according
to the definition of extensions in default logic, » € T. Therefore, R*T is weakly
equivalent to p = r. Hence, T ER R*T.
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This shows that for all R € D, T =r R*T. Hence, T =g A*T. On the other hand,
there is no consistent theory 77 C T and 11 Eg AT Otherwise, suppose there
is such a T7. T7 must satisfy W since W C A*T For all rule R € D, Ty satisfies
RrRT, Therefore, T satisfies the third condition in the definition of default extensions.
Therefore, I'(T") C T1. Hence, I'(T) # T. This shows that T is not an extension of A,
a contradiction.

<: Suppose that T is an extension of A*. We now show that T is the smallest theory
satisfying condition 1 to 3 in the definition of default extensions. First, T |=r W since
W C A* and W is a set of facts. Second, T is a theory. Finally, for all rule R € A with
the form p : q1,...,qn/r, if p € T and there is no ¢;, (1 < i < n) such that -~¢; € T,
then R*T is p = r. And T = R*T, therefore r € T. This shows that T satisfies all
those conditions. Now suppose otherwise there is a proper subset T} of T' also satisfies
Condition 1 to 3. Then, similarly 77 =r W and for all rule R € D, T} R R*T . Thus,
T1 Er A*T This shows that T is not an extension of A* a contradiction.

Next, we shall show that Gelfond et al.’s disjunctive default logic is also a special
case of general default logic by a similar translation.
A disjunctive default rule has the form

p:q1»---7Qn/T17~~77ak7

where p, g;,(1 <4 < n) and r;, (1 < j < k) are propositional formulas. A disjunctive
default theory is a pair A = (W, D), where W is a set of propositional formulas and D
is a set of disjunctive default rules. A theory T is called an extension of a disjunctive
default theory A = (W, D) if T = I'(T"), where for any theory S, I'(S) is the minimal
set (in the sense of subset relationship) satisfying the following three conditions:

1. W CrI(s).

2. I'(S) is a theory.

3. For any default rule p : ¢1,...,qn/r1,...,7x € D, if p € I'(S) and —¢; &€ S, (1 <
i < n), then for some j, (1 < j < k), r; € I'(S).

We now show that Gelfond et al.’s default logic in propositional case can be em-
bedded into general default logic as well. Let R be a disjunctive default rule with the
formp:qi,...,qn/r1,...,7%. By R* we denote the following rule in R

p& —~q1 & ... & ——qgn=r1| ... |1k
Let A = (W, D) be a disjunctive default theory, by A* we denote the rule base
WU{R" | R€ D}.

Theorem 3 Let T be a theory and A = (W, D) a disjunctive default theory. T is an
extension of A iff T is an extension of A*.

Proof This proof is similar to the proof of Theorem 2.
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4.2 General logic programming

Ferraris’s general logic programs are defined over propositional formulas. Given a
propositional formula F' and a set of atoms X, the reduction of F' relative to X,
denoted by FX | is the proposition formula obtained from F by replacing every subfor-
mula which is not satisfied by F into L. Given a set of propositional formulas A, AX
is the set of all reductions of formulas in A relative to X. A set of atoms X is said to
be a stable model of A iff X is the minimal set (in the sense of subset relationship)
satisfying AX.

Let F be a propositional formula. By F'* we denote the formula in R obtained from
F by replacing every classical connectives into corresponding rule connectives, that is,
from —, =, A, V and < to =, —, &, | and < respectively. Let A be a general logic
program, by A* we denote the rule base

{F* | F e A}.

Lemma 2 Let X be a set of atoms and F a propositional formula. Th(X) is a model
of F* iff X is a model of F.

Proof We prove this assertion by induction on the structure of F.

1. If Fis T or L, it is easy to see that this assertion holds.

2. If F is an atom p, then Th(X) g F* iff p € X iff X is a model of F.

3. If F'is =G, then Th(X) g F* iff Th(X) Er —G™ iff Th(X) is not a model of G*
iff X is not a model of G iff X is a model of -G.

4. If Fis G A H, then Th(X) g F* iff Th(X) £ G* & H* iff Th(X) is a model of
G* and Th(X) is a model of H* iff X is a model of G and X is a model of H iff
X is amodel of G A H.

5. If Fis GV H, then Th(X) Egr F* iff Th(X) Er G* | H* iff Th(X) is a model of
G* or Th(X) is a model of H* iff X is a model of G or X is a model of H iff X is
a model of GV H.

6. If Fis G — H, then Th(X) g F* iff Th(X) Er G* = H* iff Th(X) is not a
model of G* or Th(X) is a model of H* iff X is not a model of G or X is a model
of H iff X is a model of G — H.

7. If Fis G« H,then Th(X) g F* it Th(X) Fr G* & H* iff a) Th(X) is both a
model of G* and a model of H* or b) Th(X) is neither a model of G* nor a model
of H* iff a) X is both a model of G and a model of H or b) X is neither a model
of G and nor a model of H iff X is a model of G < H.

This completes the induction proof.

Theorem 4 Let X be a set of atoms and A a general logic program. X is a stable
model of A iff Th(X) is an extension of A*.

Proof By Lemma 2, it is easy to see that (AX)* is the same as (A*)Th(X).

=: Suppose X is a stable model of A. Then X is the minimal set satisfying AX,
By Lemma 2, Th(X) is a model of (AX)*. Thus Th(X) is a model of (A*)Th(x). And
there is no proper subset Ty of Th(X) such that T} =g (A*)THMX) | Otherwise, 71 is
a model of (AX)*. Let X; be the set of atoms {p | T1 | p}. By induction on the
structure, it is easy to see that for any set of propositional formulas I, T} is a model
of I'* iff Th(X1) is a model of I'*. Hence, Th(X}) is a model of (AX)*. Therefore by
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Lemma 2, X7 is a model of AX . Moreover X7 C X since T} C Th(X). This shows
that X is not a stable model of A, a contradiction.

<: Suppose Th(X) is an extension of A*. Then Th(X) is the minimal set satisfying
(A*)TMX) | Therefore, Th(X) is the minimal set satisfying (A™)*. By Lemma 2, it is
easy to see that X is the minimal set satisfying AX, Therefore, X is a stable model of
A.

Although Ferraris used the notations of classical connectives to denote the con-
nectives in general logic programs, those connectives are essentially rule connectives.
In this paper, we use a set of rule connectives to denote them. Hence, the answer set
semantics for general logic programs is also a special case of general default logic. More-
over, it is a special case of general default logic which only allows the facts to be atoms,
while general logic programming with strong negation (namely classical negation) is
also a special case of general default logic which allows the facts to be literals.

In [15], Gelfond and Lifschitz showed that the answer set semantics for normal logic
programs is a special case of Reiter’s default logic; in [16], Gelfond et al. showed that the
answer set semantics for disjunctive logic programs is a special case of their disjunctive
default logic. Together with this work, one can observe that the series of semantics
for answer set programs (with classical negation) are essentially special cases of the
corresponding semantics for default logics which restrict the facts into atoms (literals).

4.3 The logic of GK

The logic of knowledge and justified assumptions (the logic of GK), proposed by Lin and
Shoham [32], is a non-standard modal logic with two modal operators K for knowledge
and A for assumptions. Lin and Shoham [32] showed that both Reiter’s default logic
[42] and Moore’s auto-epistemic logic [36] can be embedded into the logic of GK.
Recently, Lin and Zhou [33] showed that Ferraris’s general logic programming can also
be embedded into the logic of GK.

Formulas in the langauge Lgx of the logic of GK are defined recursively as follows:

Fu=L|p|~F|F—F|K(F)|AF)

where p € Atom. T, A, V and « are defined as the same as in the classical modal logic.
Formulas in Lgi are called GK formulas. Formulas constructed from K (F') and A(F),
where F' is a fact, and the connectives |, = and — are called subjective formulas.

A Kripke interpretation M is a tuple (W, m, R, Ra,s), where W is a nonempty
set, called the set of possible worlds, m a function that maps each possible world to a
truth assignment on Atom, Ri and R4 binary relations on W, which represent the
accessibility relations for K and A respectively, and s € W, called the actual world
of M. The satisfaction relation = between Kripke interpretations and GK formulas is
defined inductively as follows:

- M 1

If p € Atom, M E p iff n(s)(p) = 1;

M = ~F iff M & F;

- MEF—->GIMWEForMEG,

— M E K(F) iff (W,n, R, Ra,w) E F for any w € W, such that (s,w) € R;
— M A(F) iff (W,n,Rg,Ra,w) = F for any w € W, such that (s,w) € Ry4.
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We say that a Kripke interpretation M satisfies a GK formula F', or M is a model of
F iff M = F. We say that two GK formulas are equivalent if they have the same set
of models.

Let

K(M)={F | Fisafact and M E K(F)}
AM)={F | Fisafact and M = A(F)}.

It is clear that both K (M) and A(M) are theories.

Definition 2 (GK Models) Let M be an interpretation and F a formula. We say
that M is a minimal model of F if

1. M is a model of F;
2. there is no interpretation M7 such that M is also a model of F' and A(M;) = A(M),
K(M;) C K(M).

We say that M is a GK model if M is a minimal model of F' and K(M) = A(M).

Here, we show that general default logic can be embedded into the logic of GK as
well. Let R be arulein R. By R 4 we denote the GK formula obtained from R by adding
a modal operator A in front of every fact and then replacing all occurrences of rule
connectives into corresponding classical connectives. It can also be defined recursively
as follows:

— If R is a fact, then R4 = A(R).

— If Ris F& G, then Ry is Fa NG 4.
—IfRis F'|G, then Rg is Fu V G 4.

— If Ris F = G, then Ry is Fy — G4.

By Rgk we denote the GK formula obtained from R recursively as follows:

— If R is a fact, then Rgx = K(R).

—IfRis F&G, then Rgi is Faoxg NGak-

— If Ris F'| G, then Rgk is Fox V Gk -

— If Ris FF = G, then Rgk is (Fagx — Gak) N (Fa — G4).

Thus, if R is —F, then Rk is (Fgx — L) A (Fa — L), which is equivalent to

—Fog AN—Fa;if Ris F < G, then Rg is equivalent to (Fgx < Gar)AN(Fa < Ga).
For every rule R, it is clear that both R4 and Rgg are well defined subjective

formulas in Lgx. Let A be a rule base. By Agg we denote the set of GK formulas:

Agk ={Rgk | R A}.

As general logic programming is a special case of general default logic, this mapping
is a generalization of the translation from general logic programming into the logic of
GK proposed in [33].

We prove a lemma first.

Lemma 3 Let R be a rule and M an interpretation such that K(M) =T and A(M) =
To. Ty =r R™2 iff M is a model of Rgy.

Proof We prove this assertion by induction on the structure of R.

— If R is a fact, then this assertion holds obviously.
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— If R is Ry | Rz, then R™? is weakly equivalent to RT? | R12. Ty =g RT2 iff Ty |=p
R?Q |R§2 iff Ty =g R?Q or 71 Er Rgz iff M is a model of (R1)gx or M is a
model of (R2)gk iff M is a model of Rgg .

—If R is Ry & Ry, then R™2 is weakly equivalent to R12 & R12. Ty =p R'2 iff
Ti =g RI2 & RL? iff Ty = RT? and T1 =g R1? iff M is a model of (Ry)gx and
M is a model of (R2)gx iff M is a model of Rgy.

— If Ris Ry = Ro, then R’2 is weakly equivalent to R1? = R1*. Ty =p R™® iff
T Er R{z = Rgz iff Th g R?Z or Ty =R R§2 iff M is not a model of (R1)gx
or M is a model of (Ra)gk iff M is a model of Rgx.

This completes the induction proof.

The following theorem shows that general default logic can be embedded into the
logic of GK with this mapping.

Theorem 5 Let A be a rule base and T a consistent theory. T is an extension of A
iff there is a GK model M of Agy such that K(M)=A(M)=T.

Proof =: Suppose that T is an extension of A. Construct a Kripke interpretation M
such that K (M) = A(M) =T. By Lemma 3, M is a model of Ag . Moreover, M is a
GK model of Agg. Otherwise, suppose M is a model of Agi and K(M;) C K(M),
A(M;) = A(M) = T. By Lemma 3, K(M;) =r AT. This shows that T is not an
extension of A, a contradiction.

<: Suppose that there is a GK model M of Agg such that K(M) = A(M)=T.
By Lemma 3, T =g AT Moreover, there is no proper subset T of T such that 77 is
also a model of A”. Otherwise, we can construct a Kripke interpretation M; such that
K(M;) =T and A(M;) =T. By Lemma 3, M is also a model of Agg. This shows
that M is not a GK model of Ag g, a contradiction.

Another related result is due to Truszczynski [?]. He showed that (disjunctive)
default logic can be embedded into modal default theories in S4F. Clearly, his work
can be applied to general default logic as well. Lifschitz [?] also introduced another
nonmonotonic modal logic, called MKNF, and translated Reiter’s default logic into it.
The topic of which nonmonotonic modal logic (GK, S4F, MKNF') is more interesting is
beyond the scope of this paper. Here, we are not intending to argue which one is better
since each has its own merits. For example, S4F contains only one modal operator and
then seems more natural, whilst MKNF allows first order components, which can be
a basis for first order nonmonotonic logics [?]. On the other hand, the reasons why we
are interested in the logic of GK are of three folds. Firstly, the logic of GK is based on
a standard bimodal logic. There are a lot of properties (i.e., K(P) A K(Q) is equivalent
to K(P A @)) which can be used in standard modal logic. Secondly, there are a lot
of useful existing techniques for modal logics (i.e., the complexity analysis techniques
[22]). Finally, the logic of GK is a powerful nonmonotonic formalism. Thus, it can be
served as a platform to compare different nonmonotonic formalisms. As an application,
next, we shall show that Moore’s auto-epistemic logic can be embedded in to general
default logic via the logic of GK.



19

4.4 Auto-epistemic logic

The language £ 4¢ of auto-epistemic logic is extended from £ with a modal operator
L for self introspection. Formulas in £ 4¢, are defined recursively as follows:

Fu:=1|p|F | F—F| L(F),

where p € Atom. T, A, V and « are defined as usual. Formulas in £ g¢, are called
AEL formulas.
Let I" be a set of AEL formulas. A set E of AEL formulas is a stable expansion of
I if:
E=Th(I'U{L(F) | Fe E}U{-L(F) | F ¢ E}).

A stable expansion is uniquely determined by the set of propositional formulas in it.
This is called the kernel of a stable expansion [26]. Hence, we can identify a stable
extension with its kernel, which is obviously a propositional theory.

Konolige [26] proved that for every set I" of AEL formulas, there is a set I of AEL
formulas of the following form

-L(F)VL(G1)V...VLGn) VH (1)

such that I has the same set of stable expansions with I", where n > 0, F, Gy, (1 <
i <n) and H are facts, F' may be absent. Based on Konolige’s result, Lin and Shoham
[32] showed that Moore’s auto-epistemic logic can be embedded into the logic of GK
by translating each AEL formula of the form (1) into

—A(F)VAG1)V...VAGr) V K(H).

Theorem 6 (Lin and Shoham [32]) Let I" be a set of AEL formulas with form (1).
A theory T is the kernel of a stable expansion of a set I' of AEL formulas iff there is
a GK model M of I'k such that K(M)=T.

Now we show that auto-epistemic logic can be embedded into general default logic
via the logic of GK. Without loss of generality, we consider AEL formulas of form (1).
Let S be an AEL formula of the form

-L(F)VL(G1)V...VL(Gn)V H.
By ©(S) we denote the following rule
———F| —=G1|...| —=Gn| H.
A set I' of AEL formulas with form (1) is translated into the rule base O(I") =
{6(5) | Ser}.
It is easy to see that (O(S))gxk is equivalent to Sgr under A, K(F) — A(F)

in the logic of GK. Therefore, the following result follows directly from Theorem 5 and
6.

Theorem 7 A theory T is the kernel of a stable expansion of a set I' of AEL formulas
if T is an extension of O(I).
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On the other hand, suppose that RA is the subclass of R such that each rule in
RA is a set of rules of the form:

———-F| —--G1|...| ——Gn | H.
In contrast with Theorem 7, we have the following result.

Theorem 8 A theory T is an extension of a rule base A in RA iff T is the kernel
of a stable expansion of @_1(A), where O translates each rule in R4 of the form
———F| —-G1|...| =—Gn| H into -L(F)V L(G1) V...V L(Gn) V H.

According to Theorem 7 and Theorem 8, it can be concluded that auto-epistemic
logic is equivalent to RA, which is a subclass of general default logic. Moreover, the self
introspection operator L indeed plays the same role as the double negation as failure
operator ——.

5 Weak, Strong Equivalence and Normal Forms

In this section, we study the relationship between two rules. We first show that each
rule is weakly equivalent to a set of rules of the form

Cil .| Cn| =Crgr] ... | —Cy, (2)

where Cj, (1 < ¢ < 1) are propositional clauses. Then we show that checking weak
equivalence of two rules can be reduced into the logic of GK. We further show that
checking strong equivalence of two rules can be reduced into the logic of GK as well.
Finally, we show that each rule is strongly equivalent to a set of rules of the form

Cr& ... &Crh& —Chp1 & ... & —Cne
= Cmt1| - [Ck | =Cpsa| ... | = C, 3)

where Cj, (1 < i <) are propositional clauses.

5.1 Weak and strong equivalence

The notion of weak equivalence is useful for computing extensions. After reduction,
one can use weak equivalence to simplify the resulting rule. For instance, let R be the
rule (pVq) & p and T the theory {p}, the reduction of R relative to T is still (pV q) & p,
which is weakly equivalent to p. Then, clearly, T is an extension of R.

Theorem 9 Each rule is weakly equivalent to a set of rules of form (2).

Proof This assertion follows from Proposition 1, assertion 1 in Proposition 2 and the
fact that each propositional formula is equivalent to a set of clauses in classical propo-
sitional logic.

The following theorem shows that checking for weak equivalence between two rules
can be captured in the logic of GK. In the next section, we will apply this theorem to
study the complexity of checking weak equivalence.
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Theorem 10 Let Ry and Ra be two rules. Ry and Ry are weakly equivalent iff (R1) A
and (R2) 4 are equivalent in the logic of GK.

Proof Let R be arule, T a theory and M a Kripke interpretation such that A(M) = T.
It is easy to prove that T =g R iff M = R4 by induction on the structure of R. Hence,
this assertion follows immediately.

The notion of strong equivalence, proposed by lifschitz et al. [30] for logic programs,
has been attracted a lot of researches recently [11,31]. One application of strong equiv-
alence is for logic program simplification. The notion of strong equivalence for default
logic was suggested by Turner [46] and Truszczynski [45]. We generalize it for general
default logic. We say that two rules R; and Ro are strongly equivalent, denoted by
R1 = Ry, if for every rule R3, R1 & R3 has the same set of extensions as Ra & Rs.

Lin and Zhou [33] showed that checking for strong equivalence between two general
logic programs can be captured in the logic of GK. Here, we show that the strong
equivalence relationship between two rules can be captured in the logic of GK as well.
Recall that

Fact(R) ={F | Fis a fact, F is a subrule of R.}.

Theorem 11 Let R1 and Ra be two rules. The following four statements are equiva-
lent:

Ry and Rg are strongly equivalent.

NFeFact(ry & ry) KF) = A(F) | (R1)gk < (R2)ek -

Nrer K(F) = A(F) | (R1)ax < (R2)ak -

For every rule R3 such that Ry is a subrule of it, and Ry be the rule obtained from
R3 by replacing the occurrence of Ry into Ra, Rs3 has the same set of extensions
as Ry.

Lo o~

Proof 2 = 3 and 4 = 1 are obvious.

3 = 4 : Firstly, if \pc, K(F) — A(F) E (R1)gx < (R2)gk, then Ry and Ry
are weakly equivalent. Thus, by Theorem 10, (R1)4 and (R2)4 are equivalent in the
logic of GK. By induction on the structure, (R3)gx and (R4)gx are equivalent. Thus
they have the same set of GK models. By Theorem 5, R3 and R3 have the same set of
extensions.

1 = 2 : Suppose otherwise M is a model of (R1)gx but not a model of (R2)a k-
Let Th be K(M) and Ty be A(M). There are two cases. (a)Ts =g RQTQ. Let R3 be
the rule conjunction of {F' | F € Fact(R1 & R2), Ty E F} and {F = G | F,G €
Fact(R1 & R»); T2 = F,G;T1 £~ F,G.}. We have that T is an extension of R & R3
but not an extension of Ry & R3. (b)T» R Rgz. Let R3 be the rule conjunction of
{F | F € Fact(R1 & R2),T» = F'}. We have that T> is an extension of Ry & R3 but
not an extension of Ry & R3. In both cases, Ry is not strongly equivalent to Ra, a
contradiction.

Theorem 11 shows that checking whether two rules are strongly equivalent can be
reduced to checking whether a certain GK formula is valid.

The notion of strong equivalence can be extended for rule bases. Given two rule
bases Ay and Az, we say that Aj is strongly equivalent to As if for every rule base
As, A1 U As has the same set of extensions as Ao U As.
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5.2 Normal Forms of General Default Logic

In this section, we show that each rule base can be strongly equivalently transformed
into a set of rules of form (3). The key technique of proving this is Theorem 11.

Proposition 15 Let F' and G be two facts. FANG = F & G.

Proof (F/\G)GK is K(F/\G); while (F&G)GK is Fog NGgk, which is K(F)/\K(G)
Thus, (F A G)gk is equivalent to (F & G)gx in the logic of GK. By Theorem 11,
FANG=F&G.

Corollary 2 FEach rule R is strongly equivalent to a rule Ry such that Fact(R1) is a
set of clauses.

Proposition 15 also indicates that the two connectives & and A coincide each
other to some extent. The following proposition describes more strongly equivalent
transformations.

Proposition 16 For any rules F, G, H and R,

1. F & G 1s strongly equivalent to {F,G}.

2. —1=T,-T=1

3 F&Ll=1,F|L=F;

4. F&T=F F|T=T;

5. F&«G=G&F,F|G=G|F;

6. F& (G&H)=(F&G)& H, F|(G|H)=(F|G)|H;

7. F&(GIH)=(F&G) | (F&H), FI(G&H)=(F|GQ)&(F|H).
8 —(F&G)=-F| -G, —(F|G)=-F& —G;

9. —— —F=-F;

10 (F=Q)=——F& —G;

11. (F|G)=H=(F=H)&(G= H);

12. F= (G&H)=(F=G)&(F= H);

13. (F = Q)| H is strongly equivalent to {F = G|H,H| — F| — —-G};

14. (F = G) & R = H is strongly equivalent to {G& R= H,R=F|H| — G,R =
H| - -F};

15. F = (G = H) is strongly equivalent to {F & G = H,F = -G | — —H};

6. F& ——-G=H=F=H| —G;

17 F=G|--H=F& —H=G.

Proof All these assertions can be proved as the same way as the proof of Proposition
15 by Theorem 11. As an example, here we only outline the proof of 13.

Notice that if F Apcy K(F) — A(F), then by induction on the structure, for
every rule R, Rgi | Ra. Consider 13, (F = Q) | H)gk is

(Forx — Gak) N(Fa — Ga)) V Hgk,
which is equivalent to
(~Ferx VGer VHgg)N(—FaVGaV Hgk)
under A ;. K(F) — A(F). On the other hand,

(F=G[H)&H]| -F| --G)axk



23

is equivalent to
(Fax = Gar VHgr) N(Fa — GaV Ha) AN(Hgr V =Fa V Ga),
which is also equivalent to
(~Fek VGar VHgr) AN (~FaV GaV Hgi),
under /\FEL K(F) — A(F). Thus by Theorem 11, 13 holds.

By Corollary 2 and 1-9 in Proposition 16,

Proposition 17 FEach rule base without = and < is strongly equivalent to a set of
rules of the following form

Ci|...|Cn| =Cp41| .- | =Cm| = =Cms1]| ... | = =Ch, (4)
where C;, (1 <14 < k) are propositional clauses.

Proposition 18 FEach rule has the form —R, where R is a rule is strongly equivalent
to a set of rules of form (4).

By Proposition 16 and Proposition 17, the following result holds.
Theorem 12 Fach rule base is strongly equivalent to a set of rules of form (3).

Proof We first prove a lemma by induction on the structure that each rule base is
strongly equivalent to a set of rules of the form C' = D, where C is a rule conjunction
of clauses, rule negation of clauses and double rule negations of clauses; D is a rule
disjunction of clauses, rule negation of clauses and double rule negations of clauses. A
tedious step of proving this lemma is to reduce the rule (C; = D1) & (C2 = D3) =
(C3 = D3) mainly by 14 and 15 in Proposition 16.

Then, by 16 and 17 in Proposition 16, this form can be strongly equivalently trans-
formed to form (3).

6 Complexity Issues
6.1 Background on complexity

We assume the readers are familiar with the complexity classes P, NP and coNP and
some basic notions in the theory of computational complexity. Please refer to [39] for
further information.

Let C be a class of decision problems, i.e., the NP complexity class. The class PC
consists of the set of decision problems solvable in polynomial time by a deterministic
Turing machine with an oracle for a problem from C, while the class N P€ consists of
the set of decision problems solvable in polynomial time by a nondeterministic Turing
machine with an oracle for a problem from C'. The polynomial hierarchy is defined as
follows:

AY =3 =115 = P;
P

Akp = szfl;
P

oF = NP¥i-1,

P
H,f = coNP¥k-1,
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It is easy to see that Zf = NP and HfD = coNP.

A canonical complete problem for E,f is satisfiability of quantified boolean formula
with k-alternations of quantifies (k-QBF for short). In this problem, a boolean formula
F with a sets of distinct variables X1, ..., X} are given. The problem is to determine
whether the formula

IX1VXo3X;3... F

can be satisfied. That is, is there an assignment of X; such that for all assignments
of X there exists an assignment of X3 ... such that F' is true. Similarly, a canonical
complete problem for IT ,f is to determine whether the formula

VX13XoVX3.. . F

can be satisfied.

Within the class of Akp , we are also concerned with the number of calls to the
oracle. This brings a notion of bounded query class. For a family of function F' and a
complexity class C, the computational class pP¢ [F] consists of the decision problems
solvable in P¢ with at most f(n) calls to the oracle, where f € F and n is the input
length. For instance, AY[O(log n)], also known as ©F | consists of all the decision
problems solvable in Ag with at most log n calls to the oracle.

In this paper, we are only concerned with the class AL[O(logn)]. A canonical com-
plete problem for AY'[O(log n)] is PARITY (SAT), which is the problem to determine
whether the number of satisfiable formula in a set of propositional formulas is odd.
Eiter and Gottlob [10] showed that this problem can be defined more strictly. Given
a set of propositional formulas Fi, ..., F, such that for all 4,(1 < i < n), if F; is
unsatisfiable then for all j > i F} is unsatisfiable, PARITY(SAT) is the problem to
determine whether the number of satisfiable formulas is odd.

Gottlob [19] showed that the complexity classes AY and AL[O(log n)] coincide
with so called NP dag and NP tree respectively. Intuitively, an NP dag is an acyclic
directed graph of dependent queries to NP oracles. The nodes are queries whilst the
edges represent the dependency relationships among nodes. Formally, an NP dag is a
triple (Var, G, Fr), where

— Var ={v1,...,vn} is a set of atoms, called the linking variables;

— G = (V,E) is a directed acyclic graph. V. = {Fy,...,F,} is the set of nodes
representing propositional formulas. F; contains linking variables from and only
from {v; | (F}, F;) € E};

— Fg,(1 £ R < n) is a distinguished terminal node called the result node.

An NP tree is an NP dag that is a tree.

6.2 Existing complexity results

The complexity issues of nonmonotonic formalisms are well discussed in Al litera-
ture [37,3,35,44,18,5,9,43,40,2,28]. The most important decision problem for non-
monotonic formalisms may be the problem of existence of extensions, that is, for ex-
ample in default logic, the problem of checking whether a propositional default theory
has an extension or not. Stillman [44] showed that it is ¥4 -complete for Reiter’s default
logic. Niemela [37] showed that this problem for Moore’s auto-epistemic logic is in 25.
Gottlob [18] proved the completeness of it. He also showed that this problem for some
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other non-monotonic formalisms is Ef -complete as well. For answer set programming,
Bidoit and Froidevaux91 [3], Marek and Trusczynski[35] independently showed that the
problem of existence of stable models for normal logic program is NP-complete. How-
ever, when turning to disjunctive logic programs, it becomes harder. This is confirmed
by Eiter and Gottlob [9] by showing that this problem for disjunctive logic program is
25 -complete. They also applied this result to show that this problem for disjunctive
default logic is also 25 -complete. Pearce et al. [40] extended this result for nested logic
programs and arbitrary formulas in equilibrium logic. As a consequence, existence of
stable models for Ferraris’s general logic programs is also in Ef .

In nonmonotonic reasoning, there are usually two types of reasoning tasks: skeptical
reasoning and credulous reasoning5. For example, in default logic, the former is to
check whether a propositional formulas is entailed by all extensions of a default theory
while the latter is to check whether it is entailed by at least one of the extensions of the
default theory. These two reasoning tasks are highly related to the problem of existence
of extensions. Credulous reasoning for nonmonotonic formalisms often have the same
complexities with that of existence of extensions while skeptical reasoning often are
the complementary of them.

Another task is model checking, that is, for example in default logic, checking
whether a propositional interpretation is a model of an extension of a default theory.
This problem for default logic is addressed in [28]. In general case, it is also X1 -
complete. One may also be interested in whether a given propositional formulas is
equivalent to an extension of a default theory. This was addressed in [43]. The com-
plexity of it is AL [O(log n)]-complete in general case.

6.3 Complexity issues related to general default logic

In this paper, we consider the following decision problems related to general default
logic:

Existence of models: to decide whether a rule base has at least one non-trivial model;

Skeptical entailment on models: to decide whether a fact is entailed by all models of
a rule base;

Credulous entailment on models: to decide whether a fact is entailed by at least one
of the consistent models of a rule base;

Satisfaction checking on models: to decide whether a fact is classically equivalent to
one of the models of a rule base;

Model checking on models: to decide whether an assignment satisfies at least one of
the models of a rule base;

Weak equivalence: to decide whether two rules are weakly equivalent;

Existence of extensions: to decide whether a rule base has at least one extension;

Skeptical entailment on extensions: to decide whether a fact is entailed by all exten-
sions of a rule base;

Credulous entailment on extensions: to decide whether a fact is entailed by at least
one of the extensions of a rule base;

Satisfaction checking on extensions: to decide whether a fact is classically equivalent
to one of the extensions of a rule base;

5 These two reasoning tasks are also known as cautious reasoning and brave reasoning.
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Model checking on extensions: to decide whether an assignment satisfies at least one
of the extensions of a rule base;
Strong equivalence: to decide whether two rules are strongly equivalent.

Consider weak equivalence and strong equivalence first via the logic of GK. Ladner
[27] showed that every satisfiable S5 formula F must be satisfiable in a structure with at
most |F'| states. Then he proved that the satisfiability problem for S5 is NP-complete.
Halpern and Moses [22] proved the same result for K D45. Thus, the satisfiability
problem for K D45 is also NP-complete. Here, we prove a similar result for subjective
formulas in the logic of GK.

Proposition 19 Let F' be a subjective formula in Lgi. F is satisfiable iff F' has a

model with at most 2|F|+ 1 possible worlds, where |F| is the number of facts occurring
i F.

Proof Let M be the model of F. Let I" be the set of facts that F' is constructed from.
Let I = {G | G € I'M = K(G)}. Then, for every P € I'\I1, there is a truth
assignment which satisfies =P A /\Ge n G. Correspondingly, the same thing can be
done for modal operator A.

Construct a Kripke interpretation M; such that the K accessible worlds of the
actual world are exactly the truth assignments mentioned above. So are the A accessible
worlds of the actual world. Then, for all formulas G € I', M = K(G) iff M; = K(G);
M = A(G) iff M = A(G). Hence, M is also a model of F. Moreover, M; has at most
2|F| + 1 possible worlds.

Similar to the NP-completeness proof of satisfiability of S5 [27] and K D45 [22], we
have the following result.

Corollary 3 The complezity of checking whether a subjective formula is satisfiable is
NP-complete.

By Theorem 10 and Theorem 11, checking weak equivalence and checking strong
equivalence in general default logic can both be reduced into the logic of GK. Moreover,
it is clear that the GK formulas obtained from these reductions are both subjective
formulas.

Corollary 4 Checking whether two rules are weakly equivalent is in coNP.

Corollary 5 Checking whether two rules are strongly equivalent in general default logic
is in coNP.

Now we show that both checking weak equivalence and checking strong equivalence
between two rules are coNP-hard by the following lemma.

Lemma 4 Let F' and G be two facts. The following three statements are equivalent.

— F is equivalent to G in classical propositional logic.
— F is weakly equivalent to G in general default logic.
— F is strongly equivalent to G in general default logic.

Theorem 13 The complexities of checking whether two rules are strongly equivalent
and whether two rules are weakly equivalent are both coNP-complete.

Theorem 14 FExistence of models is NP-complete.
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Proof ”Membership:” The following algorithm determines whether a rule R has con-
sistent models or not. 1: guess a set I" of elements in Fact(R) and m + 1 propositional
assignments g, 71,...,Tm, where let Fi,..., F;m be the set of facts in Fact(R) but
not in I'. 2: check if for all Fj, (1 <i <m), m; = I' but m; & F; and check if mg = I
3: if all the answers in step 2 are "yes”, then replace every subrule in R which is a fact
and in I" with T; replace ever subrule in R which is a fact and not in I" with L. 4: if
the resulting rule in step 3 is weakly equivalent to T, then return I'. It is clear that
this algorithm can be determined within polynomial time on a non-deterministic Tur-
ing machine. We now prove that this algorithm is sound and complete. For soundness,
step 2 ensures that for all F;, (1 <i <m), I' £ F;. Thus, for all F € Fact(R), F € I
iff I' = F. By induction on the structure of R, we can see that Th(I") is a model of
R. Since mg = I', Th(I") is a consistent model of R. For completeness, suppose that
R has a consistent model T. Let T} be /\FEFact(R)7T|:F F. By Lemma 1, T is also
a model of R. Let I' be a subset of Fact(R) such that F' € I' iff T |= F. Then, I is
satisfiable and for all F' in Fact(R) but not in I', I' A =F is satisfiable. Thus, there
exist propositional assignments satisfying step2. This shows that if R has consistent
model then this algorithm will return such a set.

Another way to prove membership is as follows. R has consistent models iff R is
not weakly equivalent to L. Thus, by Theorem 13, this problem is in NP.

”"Hardness:” A fact F' is satisfiable iff the rule F' has a consistent model.

Theorem 15 Skeptical entailment on models is coNP-complete.

Proof ”Membership:” A fact F' is entailed by all models of R iff T is weakly equivalent
to R = F. F is entailed by all models of R iff for all theories T', if T |=p R then
T =g F iff for all theories T, T =r R = F iff T is weakly equivalent to R = F.
Then, by Theorem 13, skeptical entailment on models is in coNP.

"Hardness:” Let F' and G be two facts, = F — G iff G is entailed by all models of
F.

Theorem 16 Credulous entailment on models is NP-complete.

Proof ”Membership:” A fact F is entailed by at least one of the consistent models of
R iff R & F has consistent models. Suppose that T is a model of R and T = F, then
T is also a model of R & F'. On the other hand, suppose that T is a consistent model
of R& F. Then T is a model of R and T = F. This shows that credulous entailment
is in NP.

”"Hardness:” Let F' and G be two facts, F' A G is satisfiable iff G is entailed by at
least one of the consistent models of F'.

Theorem 17 Model checking on models is NP-complete.

Proof ”Membership:” Recall the algorithm provided in the proof of Theorem 14. Now
don’t return I" in step 4 and add a final step 5: check if the assignment 7 is a model of I
This new algorithm determines whether 7 satisfies at least one of the consistent models
of R. The soundness proof of this algorithm is similar. Now we prove the completeness.
Suppose that R has a consistent model T. Similarly we construct 77 and I'. Then
m |= I' since 7 =T and 77 C T. Thus, this new algorithm will answer yes if 7 satisfies
T.

"Hardness:” A fact F' is satisfiable iff {p} U satisfies at least one of the consistent
models of —(—pV —F), where 7 is an propositional assignment and p a new atom not in
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F'. Suppose that F' is satisfiable. Then p is a model of —(—pV = F) since p £ —-pV —F.
Moreover, {p}Um satisfies p. On the other hand, suppose that {p}Un does not satisfy at
least one of the consistent models of —(—pV—F). Then, p is not a model of —(—pV-F).
Therefore p = —p vV =F. That is, p | —F. F is not satisfiable since p is a new atom
not in F'.

Theorem 18 Satisfaction checking on models is AY[O(log n)]-complete.

Proof "Membership:” Given a fact F' and a rule R, the satisfaction relation between
F and R can be computed from bottom to up according to the definitions. It is clear
that this method can be reduced to an NP tree. Thus, satisfaction checking on models
is in AL[O(log n)].

"Hardness:” PARITY(SAT) can be reduced to this problem in a straightforward
way. Given a set of facts Fi,..., Fn, the number of satisfiable formulas is odd iff
TER(—F1)®...®&(—Fn), where R® S is a shorthand of (R = —S) & (S = —R).

Theorem 19 FExistence of extensions is Ef—complete.

Proof ”Hardness” follows directly from the fact that existence of extensions in default
logic is 25 -complete. We now prove ”"Membership”. The following algorithm deter-
mines whether a rule R has at leat one extension. 1: guess a set I' of elements in
Fact(R); 2: do the reduction RT"(I); 3: determine whether Th(I') is an extension of
R. If yes, then return I'. Step 2 requires polynomial calls to an NP oracle. By Propo-
sition 7 and Theorem 14, step 3 requires an NP oracle. Soundness of this algorithm is
obvious; completeness follows simply from Proposition 5 and Proposition 6.

Theorem 20 Skeptical entailment on extensions is HéD—complete.

Proof ”Hardness” follows directly from the fact that skeptical entailment in default
logic is Hf -complete. We now prove ”Membership”. The following algorithm deter-
mines whether a fact F' is not entailed by all extensions of a rule R. 1: guess a set I’
of elements in Fact(R); 2: do the reduction RTMI): 3: determine whether Th(I) is
an extension of R. 4: if the answer in step 3 is yes, determine whether I" }~ F’; return
the answer. Step 4 also requires an NP oracle. Similar to the proof in Theorem 19, this
algorithm is sound and complete.

Similar to the proof of Theorem 19, we can prove the following two theorems.

Theorem 21 Credulous entailment on extensions is Ef—complete.
Theorem 22 Model checking on extensions is E;-complete.
Theorem 23 Satisfaction checking on extensions is AL [O(log n)]-complete.

Proof ”Hardness” follows directly from the fact that satisfaction checking on extensions
in default is Ag[O(log n)]-complete. We now prove ”Membership”. The following algo-
rithm determines whether a given fact G is equivalent to an extension of a rule R. 1: For
all F' € Fact(R), determine whether G |= F. If F is not equivalent to the conjunction
of a set of facts in Fact(R), then return no; 2: Do the reduction RTh(G); 3: Determine
whether Th(G) is an extension of R, and then, return the answer. This algorithm can
be reduced to an NP tree. Its soundness and completeness follows from Proposition 5
and Proposition 7. Thus, satisfaction checking on extensions is in AY[O(log n)].

To conclude this section, all the complexity results discussed in this paper are listed
in Table 1:
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weak equivalence coNP-complete

strong equivalence coNP-complete
— on models on extensions
Existence checking NP-complete Z; -complete
Skeptical reasoning coNP-complete 11, 5 -complete
Credulous reasoning NP-complete Z; -complete
Model checking NP-complete Z; -complete

Satisfaction checking | A[O(log n)]-complete | A[O(log n)]-complete

Table 1 Complexity results

7 Conclusion

We have proposed a logic integrating rules and classical formulas in propositional case.
It extends Reiter’s default logic by adding rule connectives, and Ferraris’s general logic
program by allowing arbitrary propositional formulas to be the base in forming logic
programs. We also have analyzed some semantic properties of this logic.

We showed that this logic is flexible enough to capture important situations in
common sense reasoning, including rule constraints, general closed world assumption
and conditional defaults. We also embedded this logic into the logic of GK. As an
application, we showed that Moore’s auto-epistemic logic is a special case of this logic.
Indeed, the self-introspection operator in auto-epistemic logic plays the same role as
the double negation operator in default logic. We also showed that checking strong
equivalence between two rules can be reduced into the logic of GK. Consequently, each
rule base is strongly equivalent to a set of rules of the form (3).

Finally, we investigated the computational complexity in relation to this logic. All
the complexity results obtained in this paper are concluded in Table 1.

For future work, one important task is to extend this work into first order case
and then to find tractable subclasses of it. This may have potential applications in the
combination of ontology layer and rule layer in Semantic Web. Another work is about
the expressive power of general default logic, more generally, the expressive power
among major nonmonotonic formalisms.
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