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1 Introduction
A deduction system for the classical propositional or

first-order logic consists of a set of axioms and a set of in-
ference rules. For any given set of premisesΓ and any for-
mulaA, A is logical consequence ofΓ if and only if A can
be derived fromΓ by using the inference rules and axioms.
The main relationship between formulas in such a system is
the inference relation,or derivability, denoted bỳ . Vary-
ing with differences in axioms and/or inference rules, there
are a variety of such systems available for classical propo-
sitional or first-order logic.

A deductive system using only rules is generally called

a natural deduction system.The well-known natural de-
ductive systems for the classical propositional logic are
Gentzen’s system(see [13]) and Kleene’s system ([12]).
Both of them can be reduced to aNatural deduction sys-
tem which consists of only the following four inference
rules:

1 Reflexivity:
If A ∈ Γ,thenΓ` A.

2 Reductio ad Absurdum:
If Γ, A`B,¬B, thenΓ`¬A.

3 Implication/Deduction Theorem:
If Γ, A`B, thenΓ`A → B.

4 Modus Ponens:
If Γ`A → B andΓ`A, thenΓ`B.

A natural question is:Can we have a natural deduction
system for nonmonotonic reasoning?
It is obvious that not all the inference rules of classical logic
could be kept in the intended nonmonotonic deductive sys-
tem. Therefore it is interesting to know that what kinds of
inference rules could be kept in the nonmonotonic deduc-
tive system, or more generally, what inference rules spec-
ify nonmonotonic reasoning? An early attempt to this end
is given by Gabbay [6]. Gabbay argued that the following
three inference rules are basic for nonmonotonic inference
relation “|∼” :

1 Reflexivity:
If A ∈ Γ, Γ|∼ A.

2 Cut:
If Γ|∼ A andΓ, A|∼ B, thenΓ|∼ B.

3 Restricted Monotonicity:
If Γ|∼ A andΓ|∼ B, thenΓ, A|∼ B.
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Many other inference rules for nonmonotonic reasoning
were put forward ([16] [17] [3][14][15][10][11][22][2]etc).
Most of the rules can be expressed in two versions:finite
or infinite, differentiating finite and infinite premises of an
inference relation. Some of rules have only one version,
such asSupracompactness, which only makes sense in the
infinite case. The expression of an inference rule also has
two flavors:

- Gentzen style(using nonmonotonic consequence re-
lation |∼) and

- Tarski style(using nonmonotonic consequence clo-
sureC).

In fact, they are exactly expressible each other by
C(Γ) = {A : Γ|∼ A}.
In this paper, we will investigate three possible ways to con-
struct a natural deduction system for nonmonotonic reason-
ing.

1. A system with pure nonmonotonic inference rules;

2. A system with nonmonotonic inference rules plus a
non monotonic tautology base; and

3. A Conditional Knowledge Base which is a system
with nonmonotonic inference rules plus a nonmono-
tonic conditional assertion base.

We show that inferences in each system can be reduced
to the ones in classical logic. We will see that this result pro-
vide us more methodological perspective than its technical
implication.

This paper is organized as follows, in the next section we
will provide some basic concepts and some inference rules
for non monotonic reasoning put forth by the literature. In
section 3 will discuss the criteria for natural deduction sys-
tem for nonmonotonic reasoning. In section 4 we discuss
RN frame work which form the basis for our discussion, In
section 5 we will discuss the three possible solutions for the
question posed. In section 6 we will conclude this paper
with the results.

2 Definitions and concepts

We will restrict the language of the indented system
within a propositional languageL. Elements ofL are called
formulas which are denoted byA,B,C. Sets of formulas are
denoted byΓ, ∆,etc. There are two inference relations be-
tween premises (on the left) and conclusions(on the right):
`, denoting the classical propositional derivability, and
|∼, used for nonmonotonic inference relation. The Tarski-
style’s consequence operator for classical derivability is de-
noted byCn.

A setΓ of formulas is said to be closed ifΓ = Cn(Γ).
We writeΓ|∼ (`)∆ as the abbreviation ofΓ|∼ (`)A for all
A ∈ ∆ (∆ may be empty).
Γ |6∼ A indicates thatΓ|∼ A does not hold. If∅|∼ A is
derived from a deductive system, where∅ denotes the empty
set, then we callA anon monotonic tautologyin the system.

2.1 Nonmonotonic inference rules

We list some nonmonotonic inference rules which are
put forward in the literature. We will present the infinite
version of them and most of them are written in Gentzen
style. This list starts with the three Gabbay’s rules and is
followed :

1 Reflexivity:
If A ∈ Γ, Γ|∼ A.

2 Cut:
If Γ|∼ A andΓ, A|∼ B, thenΓ|∼ B.

3 Restricted Monotonicity:
If Γ|∼ A andT |∼ B, thenΓ, A|∼ B.

4 Supraclassicality:
If Γ ` A, thenΓ|∼A.

5 Consistency Preservation:
If Γ|∼A, then∆ ` A.

6 Weak Transitivity:
If Γ|∼∆ ` A, thenΓ|∼A.

7 Cumulative Transitivity:
If Γ|∼∆ andΓ ∪∆|∼A, thenT |∼A.

8 Cautious Monotony:
If Γ|∼∆ andT |∼A, thenΓ ∪ P|∼A.

9 Reductio ad Absurdum:
If Γ, A|∼B, ¬B, thenΓ|∼¬A.

10 Deduction Theorem:
If Γ, A|∼B, thenT |∼A → B.

11 Modus Ponens:
If Γ|∼A → B andΓ|∼A, thenΓ|∼B.

12 Reciprocity:
If Γ|∼∆ andP|∼Γ, thenΓ|∼A if and only if∆|∼A.

13 Left Logical Equivalence:
If Γ à ∆, thenΓ|∼A if and only ifP|∼A.

14 Right Logical Equivalence:
If A à B, thenΓ|∼A if and only ifΓ|∼B.
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15 Distribution:
If Γ∪∆1|∼A , T ∪∆2|∼A, thenΓ∪ (∆1

∨
∆2)|∼A,

where∆1

∨
∆2 = {A ∨B : A ∈ ∆1 and∆2}.

16 (Loop):
If Γ0|∼ Γ1|∼ · · · |∼ Tn|∼ Γ0 (n > 0), then for any
i, j ∈ {0, 1, · · · , n}, Γi|∼ A iff Γj |∼ A.

Although Gentzen style is intuitive and readable, some
rules are easily appreciated in Tarski style such as:

17 Absorption:
CnC = C = CCn.

18 Infinite Conditionalization:
C(Γ ∪∆) ⊆ Cn(T ∪ C(∆)).

19 Rational Monotony:
IF ∆ ∪ C(Γ) 6= L, thenC(Γ) ⊆ C(Γ ∪∆).

The following two rules are the nonmonotonic version of
compactness:

20 Supracompactness:
Γ|∼A iff there exists a finite subsetΓ0 of Γ such that
for any set of formulas∆, Γ|∼A impliesT0 ∪∆|∼A.

21 Finite Supracompactness:
Γ|∼A iff there exists a finite subsetΓ0 of Γ such that
Γ0 ∪ T ′|∼A for every finite subsetΓ′ of Cn(Γ).

Obviously this is not a complete list of nonmonotonic infer-
ence rules. However, most of them which were suggested as
a rule for general nonmonotonic reasoning in the literature
are in the list except those which

- obviously can be derived from the list, such asProof
by Cases, Negation RationalityandWeak Contrapo-
sition (see [17][4]);

- if added, will cause the inference relation collapsing
to monotony, such asMonotonicity, Transitivity and
Contraposition(see [14][4]).

- were proposed for special interest of nonmonotonic
inference, such asDeterminacy Preservation, Anti-
tonicity, Rational ContrapositionandWeak Determi-
nacy(see [17][11][2]).

Note that most of the rules are the counterparts or some
sort of weakening of classical rules. However,Supraclassi-
cality seems to be the only one which shows that nonmono-
tonic derivability is stronger than the classical one. This
rule reflects that nonmonotonic reasoning has the extra ca-
pability to “jump to conclusions”.

We remark that these inference rules are by no means
independent. We have

Proposition 1 If a nonmonotonic inference relation|∼
satisfies supraclassicality, consistency preservation, weak
transitivity, infinite conditionalization, rational monotonic-
ity , and finite supracompactness, then all the others in the
list can be derived.

Proof: According to Lemma 2.2, 2.3, 2.4 and Theorem 2.5
in [22], all the rules except (16) and (17) are derivable from
this set of rules. According to Observation 2.21 and 2.28 in
[17], (16) is implied byReflexivity(1) , Supraclassicality(4)
, Cumulative Transitivity(7) , Cautious Monotony(8) and
Distribution(15). (16) follows from Reflexivity(1), Supra-
classicality(4), Weak Transitivity(6), Cumulative Transitiv-
ity(7)and Cautious Monotony(8)2

3 Criteria for nonmonotonic Natural
Deductive System

Since the list in section 2 embraces the most represen-
tative non monotonic inference rules, one idea is to select
some inference rules from the list to constitute a natural de-
duction system of nonmonotonic reasoning. Then what is
the criteria for such a selection. In other words, what is the
baseline for a natural deduction system of nonmonotonic
inference?

1 A natural deduction system should only consist of in-
ference rules.

2 it should be nonmonotonic, that is, the rule:
If Γ|∼ A, thenT ∪∆|∼ A (Monotonicity) should not
be includd in the deductive system.

3 It should be consistent.

4 It should be able tojump to conclusions.

Here a set of nonmonotonic inference rules isconsistent, if
for any classically consistent set of formulasΓ, there is no
formulaA ∈ L such that bothΓ|∼ A andΓ|∼ ¬A can be
entailed in the system. This requires that the non monotonic
inference does not introduce new contradictions.

In other words, the nonmonotonic inference should
entail no less consequences than classical one from same
premises and when it is equipped with an extra common-
sense knowledge base it can entail more. This qualification
is apt to be confused with the monotonicity. For instance, it
seems to require that ifpenguin entailscan fly classically,
thenpenguin should entailcan fly nonmonotonically as
well. This is a misunderstanding. nonmonotonic reasoning
distinguishes observed facts(hard facts) and commonsense

4



knowledge (or background knowledge).

We sayΓ ` A to mean thatA is the classical conse-
quence of the setΓ of hard facts (disregarding of common-
sense knowledge), whereasΓ|∼A meansA can be derived
from Γ under a support of some commonsense knowledge
base. Therefore it is reasonable to require that the non-
monotonic inference system can entail more consequences
from the same promises than the classical logic because the
former is generally equipped with an extra commonsense
knowledge base.

4 Rational nonmonotonic Frame

Now we consider the possible constitutions of nonmono-
tonic natural deduction systems. In general, the more rules
we have, the more consequences we can derive1. Thus our
first choice is to select a set of rules so that it can derive as
many nonmonotonic inference rules as possible. By propo-
sition 1, if we choose the six rules listed in that proposition,
we will be able to derive all the non monotonic inference
rules we listed in section 2.

As defined in [22], a structure(L, |∼) was called aratio-
nal nonmonotonic frame,whereL is a propositional lan-
guage and|∼ is an inference relation on2L × L which
satisfiesSupraclassicality, Consistency Preservation, Weak
Transitivity, Infinite ConditionalizationandRational Mono-
tonicity. It is finite supracompactif the nonmonotonic infer-
ence relation satisfies furtherFinite Supracompactness.

Such a system is called aRN frameand the associated
inference rules are referred to thebasicRN rules. It is not
hard to see that an inference relation in aRN frame corre-
sponds to the rational (nonmonotonic) inference operation
C in terms of [Freund and Lehmann 94] except that the later
does not requireC to satisfyConsistency Preservationand
Finite Supracompactness.

For anyRN frame(L, |∼), if φ|∼ A can be derived from
the frame, whereφ denotesthe empty set, then we callA a
nonmonotonic tautologyin the frame.

In order to model aRN frame, [22] introduced a re-
lationship between theRN derivability and the general
(multiple) belief revision ([21] [23]). The idea is to make
the following correspondence between nonmonotonic infer-
ence and belief revision:

Γ|∼A iff A ∈ K ⊗ T
1Rational Monotonyis an exception.

whereK is the set of nonmonotonic tautologies, that is,
K = {B : φ|∼ B}. It is easy to see that this is a general-
ization of the relationship between nonmonotonic reasoning
and (single) belief revision given in [18] [9], whereK was
interpreted as the background knowledge of nonmonotonic
reasoning. More precisely, from [22] we have

Theorem 1 Let K be a consistent closed set in language
L and⊗ a general revision function overK. Let |∼ ⊆
2L × L be a relation which satisfiesΓ|∼A iff A ∈ K ⊗ Γ.
for anyΓ ⊆ L andA ∈ L. Then(L, |∼) is a RN frame.
Conversely, if(L, |∼) is a RN frame, then there exists a
general belief revision function⊗ : 2L → 2L such that for
anyT ⊆ L, K ⊗ Γ = {A ∈ L : T |∼A}, whereK = {B ∈
L : φ|∼B}2

This result gives us a way to think about nonmonotonic
reasoning by belief revision. We will find that reasoning in
belief revision is sometimes much easier than reasoning in
non monotonic inference rules.

We remark that aRN frame must be “very strong” be-
cause all the rules in our list are derivable in anyRN
frame. In fact, the logical systemP, which is the strongest
one other than monotonic logic among the systems intro-
duced in [14], Poole’stheorist without constraints ([20]
[5]), Nebel’s ranked default theory([19]) and its general-
izationsyntax-independent default-theory([24]) are subsys-
tems of someRN frames2.

5 nonmonotonic Natural Deduction

In this section, we will consider several possible consti-
tutions of natural deduction systems of nonmonotonic rea-
soning. The first choice is using only the basicRN rules to
construct such a system.

5.1 Pure nonmonotonic inference rules

Let Ω denote the deductive system which is composed
of all the basicRN rules. Now we examine whetherΩ
satisfies all the criteria given in section 3. No problem for
the first one. For the second one, we need to show that the
monotonicityis independent with all the rules ofΩ, that is

Proposition 2 The Monotonicity is not derivable inΩ.

2Here a non monotonic system (L, |∼) being asubsys-
temof aRN frame (L, |∼RN ) means that for anyΓ andA,
if Γ|∼A, thenΓ|∼RNA.
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Proof: According to Theorem 1, it is equivalent to prove
that the following postulate is independent with the nine
postulates for the general belief revision (see [21][23]):

(⊗M) K ⊗ F1 ⊆ K ⊗ (F1 ∪ F2)
Suppose that the nine postulates for the general belief

revision implies(⊗M). Consider a propositional language
L with at least two propositional letters, sayp andq. Let
K = Cn({p, q}) andΣ = (K,P,<) be a nice-ordered par-
tition of K, whereP = {Cn({q}), Cn({p, q})\Cn({q})}.
According to Definition 4.5 in [21], we can have a general
contraction functionª overK such that

K ª {¬p} = Cn({q})
K ª {¬p,¬q} = Cn({p ∨ ¬q,¬p ∨ q}).
Therefore, byLevi identity, we have
K ⊗ {¬p} = Cn({¬p, q})
K ⊗ {¬p,¬q} = Cn({¬p,¬q})
ThereforeK ⊗ {¬p} 6⊆ K ⊗ {¬p,¬q} even though

{¬p} ⊆ {¬p,¬q}. This contradicts(⊗M)2
The consistency ofΩ is implied by Theorem 1. So the

remainder is to check ifΩ can help us to jump to conclu-
sions.

Observation 1 For any Γ ⊆ L and A ∈ L, Γ|∼ΩA iff
Γ ` A.

Proof: “⇐” is implied by theSupraclassicality.
“⇒” Let K = Cn(φ) and⊗ be any general revision func-
tion overK. Then according to Theorem 1, there exists a
RN frame(L, |∼) such that

A ∈ K ⊗ Γ iff Γ|∼A

SinceK ⊗ Γ = Cn(Γ), A ∈ K ⊗ Γ implies Γ ` A.
SoΓ|∼A impliesΓ ` A. Suppose thatΓ|∼ΩA can be de-
rived inΩ, then it can also be derived in(L, |∼), i.e. Γ|∼A.
ThereforeΓ ` A. 2

This observation says that all the inference relation
which are entailed byΩ are exactly the same as the ones
which are derivable in the classical logic3. ThereforeΩ
does not qualify as a natural deduction system for nonmono-
tonic reasoning because it can not help us jump to conclu-
sions, let along any subsystem ofΩ.

SinceΩ has included almost all inference rules we have
had, this result showed us that we might not have a nat-
ural deduction system with the classical style (consisting
of pure inference rules) for nonmonotonic reasoning. This
does not surprise us at all because all the nonmonotonic

3Note that this does not mean that|∼ in Ω is equiva-
lent to the classical derivabilitỳ (so does not contradicts
Proposition 2).

inference rules exceptSupraclassicalityare some sort of
weakening of the classical logic rules. In fact, we should
not expectΩ to jump to conclusions in absence of com-
monsense knowledge. However, this result tells us that we
may have not a “classical style” natural deduction system
for nonmonotonic reasoning which involves only “general”
inference rules.

5.2 Nonmonotonic tautologies

As we remarked before, pure nonmonotonic inference
rules are too weak to compose a deduction system for jump-
ing to conclusions. We have to explore somenon-classical
style of deduction systems for nonmonotonic reasoning.
Our first try to this end is to upgradeΩ by equipping it with
a commonsense knowledge base or background knowledge
base.

Normally a knowledge baseB is expressed by a set of
sentences. However, a natural deduction system can only
be composed of inference rules. Thus we need to convert
each sentence into an inference rules. A natural idea to do
this is to convert each sentenceA ∈ B into a nonmonotonic
tautologyφ|∼ A.

More precisely, letΩT B be a natural deduction system
which consists of all the inference rules ofΩ and the non-
monotonic tautologies baseT B = {φ|∼ A : A ∈B}.

Now we check ifΩT B can be a natural deduction system
for nonmonotonic reasoning with respect to the background
knowledge baseB (Notice the difference betweenB and
T B).

The independency of monotonicity is similar to the the-
orem 2 (The only difference is when we construct the be-
lief setK in the proof of the proposition 2, we need to let
B ⊆ K). According to Theorem 1, it is not very hard to
prove thatΩT B is consistent if and only ifB is consistent.
Finally, we check if the extra rules can help us jumping to
conclusions. To this end, let’s begin with the old Tweety
example.

Example 1 Suppose that we have a background knowledge
baseB = {tweety → bird, tweety → ¬fly, bird →
fly}. We express it into the following nonmonotonic tautol-
ogy baseT B:

(1) |∼tweety → bird
(2) |∼tweety → ¬fly
(3) |∼bird → fly
Consider the following three inference relations:
I: fly|∼ ¬tweety
II : tweety|∼ ¬fly
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III : tweety ∧ bird|∼ ¬fly
Are they derivable inΩT B?

Although all of them are intuitively true, only the first
one is derivable. Even though, to verify or refute them is
not an easy work, especially, to refute something. The fol-
lowing observation is generally quite helpful.

Observation 2 For any given consistent setB of sentences,
let ΩT B be the associated nonmonotonic inference system.
Then for anyΓ ⊆ L andA ∈ L,

i) if B ∪ Γ is inconsistent, thenΓ|∼ΩT BA iff Γ ` A.
ii) if B ∪ Γ is consistent, thenΓ|∼ΩT BA iff B ∪ Γ ` A.

Proof: First, we prove the easy direction (from the right
hand side to the left hand side) for each case.
For the case i),ifΓ ` A, then, by Supraclassicality,
Γ|∼ΩT BA.
For the case ii), suppose thatB∪Γ is consistent andB∪Γ `
A.
On one hand,B ∪ Γ is consistent implies that for any
A1, · · · , An ∈ Γ, φ|6∼ΩT B¬(A1 ∧ · · · ∧ An) (otherwise,
contradicting the consistency ofΩT B). On the other hand,
B ∪ Γ ` A implies there existB1, · · · , Bn ∈ Γ such that
B ` (B1 ∧ · · · ∧Bn) → A. According toWeak Transitivity,
φ|∼ΩT B(B1∧· · ·∧Bn) → A. Then byRational Monotony,
Γ|∼ΩT B(B1 ∧ · · · ∧ Bn) → A. SinceΓ ` B1 ∧ · · · ∧ Bn,
we obtain bySupraclassicalityandSthatΓ|∼ΩT BA.

Now we go for the other direction of each case. LetK =
Cn(B) andª be a full meet contraction function(see [23]),
that is, for any setT of sentencesK ª Γ =

⋂
(K||Γ)4.

If K ∪Γ is consistent,K ªΓ = K; otherwise, we prove
thatK ª Γ = Cn(Γ) ∩ Γ.

In fact, assume thatA ∈ ⋂
(K‖Γ). If Γ 6` A, thenΓ ∪

{¬A} is consistent. So for anyB ∈ K, {¬A ∨ B} ∪ Γ
is consistent and¬A ∨ B ∈ K. Then there existsK ′ ∈
K‖Γ such that¬A ∨ B ∈ K ′. SinceA ∈ ⋂

(K‖Γ), A ∈
K ′. ThenB ∈ K ′, this meansK ′ = K, which contradicts
the fact thatK ∪ F is inconsistent. To show the converse,
assume thatA ∈ K andΓ ` A. If A 6∈ ⋂

(K‖Γ), then there
existsK ′ ∈ K‖Γ such thatA 6∈ K ′. ThereforeK ′∪Γ∪{A}
is inconsistent, which contradicts the fact thatK ′ ∪ Γ is
consistent.

Now let⊗ be the corresponding revision function ofª,
i.e.,K ⊗ Γ = K ª Γ + Γ. Thus we have that:

i) K ⊗ Γ = K + Γ, if K ∪ Γ is consistent;

4K ′ ∈ K‖Γ if and only if
1. K ′ ⊆ K;
2. Γ ∪K ′ is consistent, and
3. ∀K ′′ ⊆ K(K ′ ⊂ K ′′ → K ′ ∪ F is inconsistent). (see

[23] for details.)

ii) K ⊗ Γ = Cn(Γ), otherwise.
It is not hard to prove that a revision function defined

from a full meet contraction satisfies all the nine postulates
for the general belief revision. Thus, according to Theorem
1, there exists aRN frame(L, |∼RN ) such thatΓ|∼RNA
iff A ∈ K ⊗ Γ as well asK = {A : φ|∼RNA}.

If B ∪ Γ is consistent, thenK ∪ Γ is consistent. SoK ⊗
Γ = K + Γ. It follows that

Γ|∼RNA iff A ∈ K ⊗ Γ iff A ∈ K + Γ iff K ∪ Γ ` A iff
B ∪ Γ ` A

If B ∪ Γ is inconsistent, thenK ⊗ Γ = Cn(Γ). So
Γ|∼RNA iff A ∈ Cn(Γ) iff Γ ` A.

Because(L, |∼RN ) possesses all the rules ofΩT B,
Γ|∼ΩT BA implies Γ|∼RNA. SoB ∪ Γ ` A whenB ∪ Γ
is consistent, otherwise,Γ ` A 2

This observation says that only if the premises of an in-
ference is consistent with the background knowledge base,
which is generally considered to be the trivial case of non-
monotonic reasoning, the nonmonotonic inference could
entail more than classical logic. When the promises of an
inference are inconsistent with the background knowledge
base (the non-trivial case), the nonmonotonic inference re-
lation is equivalent to the classical derivability. Moreover,
no matter whether promises of an inference are consis-
tent with the background knowledge base, nonmonotonic
derivation can always be reduced to the one of classical
logic.

Let’s go back to the inference relations (I), (II) and (III)
we considered in Example 1. SinceB ∪ {fly} is consistent
andB ∪ {fly} ` ¬tweety, (I) is derivable. For (II), since
B∪{tweety} is inconsistent andtweety 6` ¬fly, (II) is not
derivable. Similar to (III). It is obvious that the “nonmono-
tonic inference by the classical logic” is much easier than
inference by directly using nonmonotonic inference rules.

inference and a reduced to the classical one. than aRN
frame,

5.3 Conditional Knowledge Base

We have investigated the inference power of pure non-
monotonic inference rules and these rules plus a set of non-
monotonic tautologies. In both cases, the nonmonotonic in-
ference can easily be reduced to the classical logic. In this
section, we consider a more general case that the common-
sense knowledge is expressed by a set of conditional asser-
tions.
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In [15], a nonmonotonic inference relation in the form
A|∼ B is called aconditional assertion. A set of condi-
tional assertions is called aconditional knowledge base.

Let’s see if there is any difference between a nonmono-
tonic tautology and a conditional assertion.

Example 2 Suppose that the background knowledge base
in example 1 is written in the following conditional knowl-
edge baseCB,

(1) tweety|∼bird
(2) tweety|∼¬fly
(3) bird|∼fly.

Then all the inference relations (I), (II) and (III) consid-
ered in Example 1 become derivable.

Let B be a set of sentences andCB a conditional knowl-
edge base. If

B = {A → B : A|∼ B ∈CB} (1)

we callCB a conditional knowledge basebased onB

For any given conditional knowledge baseCB, let ΩCB
denote the deductive system which consists of all the infer-
ence rules ofΩ and the rules inCB. We now investigate the
inference power ofΩCB.

First, it is easy to see thatΩCB is no weaker thanΩT B,
whereT B = {φ|∼ A → B : A|∼ B ∈ CB}. Secondly, we
know that any finite inference relation5 can be expressed
by a conditional assertion. According toFinite Supracom-
pactness, an infinite inference relation can be reduced to the
finite ones, and therefore, any nonmonotonic inference re-
lation is expressible by conditional assertions. In this sense,
the inference inΩCB can be transferred to the inference
about conditional assertions, which has been investigated
by Lehmann and Magidor [15].
So it seems now that we are able to answer the question
raised in the introduction of the paper:a natural deduction
system for nonmonotonic reasoning is theRN rules plus a
particular conditional knowledge base.Given a conditional
knowledge baseCB, according to Lehmann and Magidor’s
argument, all the conditional assertions which can be de-
rived from CB should be in the so-calledrational closure
CB of CB (see [15]). If we take Lehmann and Magidor’s
argument as an answer to our question, we would conclude
that A|∼B is derivable inΩCB iff A|∼ B ∈CB. The gen-
eral caseΓ |∼ A can be dealt with byFinite Supracompact-
ness. However, suppose that we are given a commonsense

5A finite inference relation means an inference relation
with only finite premises.

knowledge base which is a set of conditional expressions of
the form: normally, ifA thenB. Should we express it as a
nonmonotonic tautology “∅|∼ A → B” or as a conditional
assertion “A|∼ B”? Example 1 and 2 have shown the big
difference between them and we know that generally the
later is stronger than the former. A question iswhat is the
extra information attached by a conditional assertion?

Before we answer this question, let’s show a lemma.

Lemma 1 LetK = {A : φ|∼ΩCBA}. ThenK = Cn(B).

proof: SinceCB ⊆ CB, by Deduction Theorem([10]) we
haveCn(B) ⊆ K( see Equation (1)). For the other di-
rection, assumeφ|∼ A∈CB. According to lemma 5.15 in
[Lehmann and Magidor 92],φ|∼ A can be preferentially
entailed byCB. By lemma 5.21 in [Lehmann and Magidor
92], we haveA ∈ Cn(B). 2

The following observation shows that the extra informa-
tion attached by a conditional assertion is an ordering on
background knowledge.

Observation 3 For any conditional knowledge baseCB
based onB, if its rational closure exists and satisfies Con-
sistency Preservation, thenCB uniquely determines an or-
dering < on Cn(B) such that for any finite setΓ and a
sentenceA, Γ|∼ΩCBA iff B ∪ Γ ` A and whenB ∪ Γ is
inconsistent, then eitherΓ ` A or ¬(∧Γ) < (∧Γ) → A.

Proof: In the case thatB∪Γ is inconsistent, sinceΓ|∼ΩCBA
impliesΓ|∼ΩT BA, by observation 2 we know thatΓ|∼ΩCBA
iff B ∪ Γ ` A. Now we assume thatB ∪ Γ is inconsistent.

Let CB be the rational closure ofCB. According to the
definition of rational closure,CB is a rational consequence
relation. In addition,CB satisfiesConsistency Preservation.
Thus byfinite supracompactnessCB uniquely determines a
RN frame(L, |∼). Then according to Theorem 1, it again
uniquely determines a general revision function, specially,
also an AGM revision function ‘∗’ over the belief setK =
{A : φ|∼ A} such that

Γ|∼ A iff A ∈ K ∗ (∧Γ) (2)

Suppose that ‘−’ be the associated contraction function
of ‘∗’. According to [7], ‘−’ uniquely determines an epis-
temic entrenchment ordering< such that

B ∈ K −A iff B ∈ K and either̀ A ∨B or A < A ∨B

ThusA ∈ K ∗ (∧Γ) iff (∧Γ) → A ∈ K and either
` (∧Γ) → A or¬(∧Γ) < (∧Γ) → A.

By Lemma 1, we have that(∧Γ) → A ∈ K iff (∧Γ) →
A ∈ Cn(B) iff B∪Γ ` A. Then by (2) we obtainΓ|∼ΩCBA
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iff Γ|∼ B ∈CB iff Γ|∼ A iff A ∈ K ∗ (∧Γ) iff B ∪ Γ ` A
and either̀ (∧Γ) → A or¬(∧Γ) < (∧Γ) → A 2

According to the proof of the observation, the ordering
corresponding to the conditional knowledge base can be
anyone like epistemic entrenchment [7], nice-ordered parti-
tion [23] and adventurousness [15]. This observation shows
that the inference inΩCB can be reduced to the classical
logic and comparison of ordering (infinite inference can be
transferred into the finite case by finite supracompactness).
In other words, there are two ways of performing nonmono-
tonic inference: by nonmonotonic rules or by classical logic
plus ordering comparing. Although it is hard to say that
which way does human being is using, the following exam-
ple shows that the second way may be relatively easier.

Example 3 Consider Example 1 again. If Tweety is a pen-
guin, we may give more preference (more entrenchment) to
tweety → bird andtweety → ¬fly than tobird → fly.
By comparing Example 1 and Example 2, we may think
that the conditional knowledge base in Example 2 seems
better to reflect our preference than the nonmonotonic tau-
tology base. However, if we are told that Tweety is a bad
painted cartoon character, we might give less preference to
tweety → bird thantweety → ¬fly andbird → fly. The
problem is which conditional knowledge base would reflect
such a preference?

We may find that it is generally not very easy to express
a preference on our commonsense knowledge by a condi-
tional knowledge base. We seem to have more intuition on
the ordering of knowledge base rather than a conditional
knowledge base.

6 Conclusion and Discussion

We have considered three possible constructions of a nat-
ural deduction system for nonmonotonic reasoning:

1) pure nonmonotonic inference rules.
2) nonmonotonic inference rules plus a set of nonmono-

tonic tautologies.
3) nonmonotonic inference rules plus a set of conditional

assertions.
The first one has been proved to be too weak “to jump to

conclusions”. The second one could entail more only when
the promises of an inference relation is consistent with the
commonsense knowledge base, which is generally viewed
as the trivial case in nonmonotonic reasoning. The last one
seems to be the only interesting one. However, we have
proved that each of these approaches has its counterpart in
classical logic. We can always transfer a nonmonotonic in-
ference into an inference in classical logic. Then comes an

interesting question: which way for nonmonotonic deduc-
tion is more preferable:nonmonotonic inference rules plus
a conditional knowledge baseor classical inference rules
plus an ordering on the knowledge base?

There seems to be no simple answer to it. Reasoning in
the latter way is relatively simple and practically feasible,
but not as mathematically elegant as in the former way. Ob-
viously, a natural deduction system of nonmonotonic rea-
soning has its theoretical interest. First, it is a purely logical
approach. The deduction in this approach is of the classi-
cal style of proof theory. Secondly, we can choose different
combination of inference rules or invent new inference rules
to endow the nonmonotonic inference relation|∼ with dif-
ferent meaning. Such flexibility gives more logical meaning
than the flexibility of an ordering on knowledge base. How-
ever, this work has revealed some of its disadvantages:

• The nonmonotonic natural deduction is not as easy
to use as its classical counterpart, especially the use
of the rules likeRational Monotony. It is very hard
to image a tableau-like theorem prover of nonmono-
tonic reasoning which is based on the natural deduc-
tion rather than its classical counterpart.

• The natural deduction of nonmonotonic reasoning is
no more necessarily confluent, i.e., using rules in dif-
ferent order would lead to different results.

• It is generally not very easy to distinguish the con-
notation between a conditional assertionA|∼ B and
nonmonotonic tautology∅|∼ A → B. However, such
distinction is crucial in nonmonotonic reasoning.

• It is also not very clear how to use conditional asser-
tions to express a preference of commonsense knowl-
edge.

We by no means follow up all possible constructions
of natural deduction systems for nonmonotonic reasoning.
For instance, we have not consider the case that the condi-
tional knowledge base includes negative conditional asser-
tions (A|6∼ B, see [1]). Additionally, all results we obtained
in the paper are based on our criteria for nonmonotonic nat-
ural deduction and the nonmonotonic rules we listed. We
could release these restrictions or invent new inference rules
for nonmonotonic reasoning (or taking account of those
which are not included in our list). However, we believe
that our approach and the negative factors above are appli-
cable in more general cases.

Nonmonotonic reasoning has been investigated by AI re-
searchers for over twenty years. Hundreds of logical sys-
tems have been proposed with varying degree of success to
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capture the characteristics of human’s nonmonotonic rea-
soning. Most of them are kinds of dissimilation or exten-
sion of the classical logic. Clearly, we can not or need not
develop a nonmonotonic counterpart for each approach of
classical logic. This paper might cast a shadow on the at-
tempt of nonmonotonic natural deduction systems. Natural
deduction would be theoretically attractive but might not be
practically tractable for nonmonotonic reasoning.
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